Mathematica 11.3 Integration Test Results

Test results for the 263 problems in "3.2.2 (f+g x)"m (h+i x)"q (A+B
log(e ((a+b x) over (c+d x))*n))*p.m"

Problem 6: Result more than twice size of optimal antiderivative.

J(ci+dix) (A+BLog[5:+*d—b:)—”

(ag+ng)2

dx

Optimal (type 4, 142leaves, 5steps):

_Bi(c+dx) i(c+dx) (A+BL0g[e4ﬂ)—])

c+d X

bg? (a+bx) bg? (a+bx)

di (A+BLog[e—<ﬂL]) Log[l—m} BdiPolyLog[z, b(c+dx)]
c+d x d (a+bx) d (a+bx)

+

b2 g2 b2 gZ

Result (type 4, 317 leaves):

1

2b2g2

2A (-bc+ad) dlog[€ +x| dlog[d®x] 1. | og|etabxl]
i|——— . 2AdLlogla+bx] +2bBc d + “berad - crdx N

a+bx bc-ad -bc+ad a+bx
2a (1+Log|2+x
Bd Log[3+x}2+ ( [b ]) .
b a+bx

a e(a+bx)
2( +Log[a+bx])
a+bx

+

—Log[§+x] +Log[§+x] + Log|

c+dx

2a ((—bc+ad) Log[i+x] +d (a+bx) (Logl[a+bx] —Log[c+dx}>)

|

Problem 14: Result more than twice size of optimal antiderivative.

J‘(cimix)z (A+BLog[gM])

(bc-ad) (a+bx)

2

d(a+bx) b (c+dx)
| +Polylog|2,
-bc+ad bc-ad

Log[§+x] Log |

]

c+d x

dx
ag+bgx
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Optimal (type 4, 276 leaves, 10 steps):

Bd (bc-ad) i%x B(bc-ad)?i?Log[®®*| d(bc-ad)i? (a+bx) (A+BLog[ﬂM])
+

_ _ c+d X c+d X
2b2g 2b3g bdg
i? <C+dX)Z(A+BL°g[g$L}) _3B(bcfad)zizLog[c+dx} i
2bg 2b3g
(bc-ad)?i? (A+BLog[—(—)—e C:bx" ” Log[1- J—LZ (:‘;;] ) B (bc-ad)®i2PolyLog[2, 4—)—2 (:s;]
b g bdg

Result (type 4, 615leaves):
1
2b3g

i2 |[4b?°Bc?-6abBcd+2a’Bd*+4Ab?cdx-b*Bcdx-2aAbd*x+abBd?®x+

a c c
Ab2d?x%+B (bcfad)zLog[7+x]2—4szc2Log[7+x] +2abBcdLlog[—+x]| +
b d d
2Ab%>c?log[a+bx] -4aAbcdlogla+bx] +2a?Ad?Log[a+bx] -a?Bd?Log[a+bx] +
c c
2b?Bc?Llog|— +x| Log[a+bx] -4abBcdlog|—+x| Log[a+bx] +
d d

2a2Bd2Log[§+x} Log[a + b x] 7ZBLog[§+x} (ad (-2bc+ad) + (bc-ad)?Logla+bx]| -

d b d b
ZbZBchog[Eer} Log[M] +4abBchog[£+x} Log[M B
d -bc+ad d -bc+ad
d b b
2aZBd2Log[£+x} Log[M] +4szcdeog[M _
d -bc+ad c+dx
b b b
ZadeZXmg[M] +bZBd2X2L0g[M] L2b2Bc? Log[a+bx] Log[m} -
c+dx c+dx c+dx
e (a+bx) e (a+bx)
4abBcdlogla+bx] Log/———|+2a’Bd?Log[a+bx] Log[——"] +
c+dx c+dx
b d
b>Bc?Log[c+dx] -2B (bc-ad)?Polylog|2, bcrdx)
bc-ad

Problem 15: Result more than twice size of optimal antiderivative.
J(cimix)2 (A+BLog[e—(ca+;—b:)—])

(ag+ng)2

dx

Optimal (type 4, 247 leaves, 8 steps):

B (bc-ad)i? (c+dx) d®i* (a+bx) (A*BLog[ei;bxx ”
_ . _

b>g? (a+bx| b3 g2

(bc-ad) i? (c+dx) [A+BLog[ =2 ]] gy (bc-ad)i%Loglc+dx]

c+d x

b%g? (a+bx) b3 g2

2d (bc-ad) i? (A+BLog[e—(:‘+;—bx")—” Log[lfﬁ] 2Bd (bc-ad) i?PolyLlog|2, ﬁ]

+

b3 gz b3 gz
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Result (type 4, 595 leaves):

A(bc—ad)2
i’ |[Abd®>x- ——————+2Ad (bc-ad) Log[a+bx] -
b3 g2 a+bx
d b
[szc2 (d(a+bx) Log[£+x]+d(a+bx) Log[M]+
d -bc+ad
e (a+bx)
(bc-ad) (1+Log[} ]]/((bc—ad) (a+bx)) +
c+dx
a 5 2a(1+Log[3+x]) a
bBcd Log[7+x} + b +2( +Log[a+bx]
b a+bx a+bx
b
—Log[i+x}+Log[£+x}+Log[M +
b d c+dx
c
(2a[(—bc+ad) Log[g+x]+d(a+bx) (Log[a+bx] - Log[c+dx]) ]/
c d(a+bx) b (c+dx)
((bc-ad) (a+bx)) -2 |Log[~ +x]| Log| ————-] +Polylog[2, ———
d -bc+ad bc-ad
a? (1+Log|2+x
Bd® |- (a+bx) —1+Log[i+x})+aLog[E+x} + ( [b ]) +
b b a+bx
c c
b(*+x (—1+Log[7+x})—
d d
a2 a c e (a+bx)
(bx -2alogla+bx]| |-Log[—+x]| +Log[~ +x]| +Log[———]| +
a+bx b d c+dx

(az ((,b“ad) Log[§+x] +d (a+bx) (Log[a+bx] fLog[c+dXJ)))/

((be-ad] (a-bx)) -22 P20 ponyioglz, LS

-bc+ad bc-ad

Log[§+x] Log|

|

Problem 16: Result more than twice size of optimal antiderivative.
J(ci+dix)2 (A+BL03[%%L])

(ag+ng)3

dx

Optimal (type 4, 230 leaves, 7 steps):



4 | Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb

Bdi? (c+dx) Bi?(c+dx)?

. b>g® (a+bx) _4bg3 (a+bx)2 )

di? (crdx) [A+BLog[ “=2]] 42 (c+dx)® (A+BLog[ei2x]]

c+d x _ c+d x
b>g* (a+bx) 2bg® (a+bx)?
#1215 tog[+225 ) Log[1- 2582 | 5@olyog[z, 382
b3 g3 " b3 g3

Result (type 4, 788 leaves):

1 2A(bc—ad)2 8Ad(—bc+ad)
- + +
4b3g3 (a+bx>2 a+bx
4Ad’Logla+bx] - |b?Bc? |b?c?-4abcd+a?d*>-2b?cdx-2abd?x-2b%2d?x?+

d(a+bx) e (a+bx) )

| +2b%c? Log|
-bc+ad c+dx

Eiiiiil}J//“bc_ady(a+bxy)_

2bBcd (3ab2c2—4a2bcd+a3d2+4b3c2x—6ab2cdx+2a2bd2x—

2d? (a+bx)2Log[§+x} -2d? (a+bx)? Log|

b
4abchog[M] +2a’d? Log|

c+dx c+dx

1
(bc-ad)? (a+bx)?

b
5 d (_2bc+ad) (a+bx>2Log[a+bx] L2 (bC—ad)z <a+2bx) Log[#] _
c+dX

4a’bcdlog[c+dx] +2a*d?Log[c+dx] -8ab?cdxLlog[c+dx] +

4a’bd?’xLog[c+dx] -4b3cdx?®Log[c+dx] +2ab?d®x?®Log[c+dx]| +

8a(1+Log[§+x]) a? (1+2Log[ﬁ+x])

Bd? [2Log| >+ x|+ . N
b a+bx <a+bx>2
a(3a+4bx) a c e (a+bx)
——————"+2logla+bx]| |-Log[— +x]| +Log[~ +x]| +Log[ ——]| +
(a+bx>2 b d c+dx

c
(8a [(—bc+ad) Log[g+x] +d (a+bx) (Logla+bx] -Log[c+dx])

|/

((bc-ad) (arbx))+ ——2a2

Log[5+x]+ !
(a+bx)2

d (bc—ad)2

d(a+bx) (bc-ad+d(a+bx)Logla+bx]-d(a+bx) Log[c+dx])

|

d b b d
7((-“ X>]+PolyLog[2, (¢ +dx)

4 Log{§+x} Log| . —
-bc+ad bc-ad




Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))~n))p.nb | 5

Problem 17: Result more than twice size of optimal antiderivative.
J\(ci+dix)2 (A+BLog[e—(C:—b;)—])

(ag+bgx)*

dx

Optimal (type 3, 89leaves, 2 steps):

B i2 (c+dx>3 i2 (c+dx)3(A+BLog[gca;—b;)-])
79(bcfad)g4(a+bx)37 3(bc-ad)g*(a+bx)?

Result (type 3, 186 leaves):

1 '2[ (3A+B) (bc-ad)? 3(3A+B)d(-bc+ad) 3(3A+B)d> 3Bd3Logla+bx]
—i% |- + - +

9b3 g* (a+bx>3 (a+bx)2 a+bx -bc+ad

3B (a?d?+abd (c+3dx) +b? (c2+3cdx+3d2x?)) Log[J—HC:bXX ] 3Bd3 Log[c +dx]
+

(a+bx)? bc-ad

Problem 24: Result more than twice size of optimal antiderivative.

J(ci+dix)3 (A+BLog[5c%L])

ag+bgx

dx

Optimal (type 4, 356 leaves, 14 steps):

5Bd (bc-ad)?i*x B (bc-ad)i’®(c+dx)® 5B (bc-ad)’i’Log[* ]
- - - +
6b’g 6b2g 6b*g
d(bc-ad)?i® (a+bx) (A+BLOg[e—($)-” ) (bc-ad)i® (c+dx)? (A+BLog[gc:%)—”
b* g 2b’g
1 (c+dx)® (A+BLog[ =] 118 (bc-ad)’i’Lloglc+dx]
3bg 6b*g
(bc-2d)®s* [a+pLog[= 20 ) Log[1- JE8] B (be-ad)’ 1 polylog[2, 1]
b* g b*g

Result (type 4, 1004 leaves):
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1
6b*g

i3 [18b*Bc®-36ab?Bc?d+24a’bBcd’-6a*Bd>+18Ab3c2dx-7b3Bc?dx-18aAb%>cd?x+

12ab?Bcd?’x+6a’Abd>x-5a?bBd>x+9Ab>cd?’x?-b>*Bcd®*x*-3aAb’d®*x?+ab?Bd>x?+
a C C
2Ab>d®x?+3B (bc-ad)®Log| > +x]’-18b>Bc? Log[~ + x| +18ab2Bc?dLog[~ +x] -
b d d

c
6a’bBcd?Log|—+x| +6Ab>c?Log[a+bx] -18aAb?c?dLogla+bx] +
d

18a?Abcd?logla+bx] -9a’bBcd’Log[a+bx]-6a>Ad®Log[a+bx] +
c c
5a’Bd®Logla+bx] +6b>Bc®Log[— +x| Logla+bx] -18ab?Bc*dLog[— +x] Log[a+bx] +
d d

c c
18a’bBcd’Log|— +x| Log[a+bx] -6a®Bd®Log|[— +x| Log[a+bx] +
d d

68Log[§+x] (ad(3b2c2—3abcd+azd2>—(bc—ad)3Log[a+bx])f

d b d b
6b3BC3LOg[£+X} Log[M]+18ab2Bc2dLog[£+x] Log[ (a+ X)
d -bc+ad d -bc+ad
d b d b
18a2bBcd2Log[£+x} Log[M}Jrede?*Log[Eer] Log[M .
d -bc+ad d “bc+ad
b b b
18b3Bc2dXLog[M]—18abZBcd2xLog[M}+6a2de3xLog[e<a+ X)%
c+dx c+dx c+dx
b b b
o678 cax Lo XL 3abtaawt tog| S| L 2w pe o Logl T2 0K
c+dx c+dx c+dx
e (a+bx] e(a+bx)
6b>Bc’Logla+bx] Log| | -18ab?Bc’dlogla+bx] Log[——"] +
c+dx c+dx
b b
18a’bBcd?Log[a+bx] Log[m} -6a*Bd?Log[a+bx] Log[M] .
c+dx c+dx
3 b(c+dx>
7b°Bc?Log[c+dx] -3ab’Bc’dlog[c+dx] -6B (bc-ad)’Polylog|2, e aa ]
c-a

Problem 25: Result more than twice size of optimal antiderivative.

J‘(ci+dix>3 (A+BLog[e—(:d—b:L])

(ag+bgx)?

dx

Optimal (type 4, 373 leaves, 11 steps):
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Bd? (bc-ad)i®x B (bc-ad)?i3 (c+dx) Bd (bc-ad)”i®Log[ 2]
2b3 g2 b*g? (a+bx) 2b*g?
2d? (bc-ad) i (a+bx) (A+BLog[e—(ca:d—b:)—]) (bc-ad)?i3 (c+dx) A+BLog[e—‘$ﬂ)
b* g2 ) b*g? (a+bx) :
di3(c+dx)2(A+B|—°g[ei;bxx” 5Bd (bc-ad)?i®Log[c+dx]
2b2g? 2b*g?
3d<bc—ad)2i3(A+BLOg[gca;—b;)‘])'-Og[l’s(;_(ﬁi'} 38d (bc-ad)®i’Polylog[2, i ]

b4 gz

Result (type 4, 967 leaves):

+

b4 gz
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2A(bc—ad)3

i*|2Abd? (3bc-2ad) x+Ab?d>x? - +6Ad (bc-ad)?Logla+bx] -

a+bx

2b4 gZ

d(a+b
[2b3Bc3 {—d (a+bx) Log[5+x} +d (a+bx) Log[_("’” x) N
d -bc+ad

(bc-ad) (1+Log[e<a”’x)}]]]/((bcad) (asbx)) -

c+dx

4abc b2cx 2ad 5 a 2 4abcLog[j+x]
+abx- + +3a’log|—+x| + -
d a+bx b d

Bd3 [4a%-

2adLlogl[a+bx]

2 2 ¢ 2 a
a’logla+bx] + +6a’Log[— +x| Logla+bx] -2a®Log[— +x]
d b

bc-ad
d b b
(2+3Logla+bx]) - 6a Log[~ +x] Log[M]—4abeog[M]+
d -bc+ad cidx
b 2a3 LOg e (a+bx) b
bZXZLOg{e<a+ X) . [ c+d x +6a2Log[a+bx} LOg[M .
c+dx a+bx c+dx
2 -2 3 b d
b% c? Log[c +dXx] +2a dLog[c +dXx] —GaZPolyLog[z, M} )
d? -bc+ad be_ad

, 2a (1+Log[§+x])

3b?Bc?d Log[erx} +

+2( 2 +Logl[a+bx]
a+bx

a+bx

b
—Log[§+x} +Log[§+x} +Log[M

+

c+dx

c
(Za [(—bc+ad) Log[g+x] +d (a+bx) (Log[a+bx] -Log[c+dx])

|/

d(a+bx) b (c+dx)
7] +PolyLog[2, E—
-bc+ad bc-ad

((bc-ad) (a+bx)) -2 Log[§+x] Log|

a? (1+Log|2+x
+aLog{i+x]2+ ( [b })+
b a+bx

—1+L0g[§+x]

6bBcd® |- (a+bx)

C
b(*+x
d

(—1+Log[§+x}) -

e(a+bx)

+

a2
(bx -2alogla+bx]
a+bx

7Log[§+x] +Log[§+x] + Log|

c+dx

|/

b (c+dx)

(az ((—bc+ad) Log[§+x] +d (a+bx) (Log[a+bx] -Log[c+dx])

d(a+bx)

((bc-ad) (a+bx))-2a Log[§+x] Log[ibc+ad]+PolyLog[2, g

]

|
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Problem 26: Result more than twice size of optimal antiderivative.

J(ci+dix)3 (A+BLog[—(—)—eca:deX ])

(ag+bgx)?

dx

Optimal (type 4, 345leaves, 9steps):
2Bd (bc-ad) i (c+dx) B(bc-ad)i?(c+dx)?

+

b*g® (a+bx) 4b2g® (a+bx)?
d>i (a+bx) (A+BLog[e—(:'+*d—bx")—” _2d (bc-ad)i® (c+dXx) (A+BLog[ﬂc‘:—b:)—])
b4 g3 b*g> (a+bx)
(bc-ad)i? (c+dx)2(A+BLog[ﬂ$—b):‘)—H _de (bc-ad) i®Loglc+dx] )
2b%g® (a+bx)? b* g’
362 (bc-ad) 1 (A+BLog[ =2 || Log[1- 519X ] 3pd? (bc-ad) i’ Polylog[2, Blee]
b4g3 * b4g3
Result (type 4, 11701leaves):
2A (bc-ad)® 12Ad (bc-ad)?
i3 [4Abd3x- (bc-2ad) - (be-ad) +12Ad* (bc-ad) Log[a+bx] -
4b*g? (a+bx)? a+bx
[b3Bc3 (b2c2—4abcd+a2d2—2b2cdx—2abd2x—2b2d2x2+
5 c 5 d(a+bx) e (a+bx)
2d> (a+bx)*Log[—+x]-2d* (a+bx)*Log[——]|+2b’? Log[——"] -
d -bc+ad c+dx

4abchog[e(:++db:>] +2a2d2Log[e<Ci+;:)}]]/((bcad)2 <a+bx)2) -

1
(bc-ad)? (a+bx)?

3b2Bc?d |3ab?c?-4a’bcd+a*d*+4b3c?x-6ab’cdx+2a’bd?*x-

b
2 d (,2bc+ad> (a+bx>2Log[a+bX] +2 <bC*ad)2 (a+2bX> Log[e(a-:j)() _
c+dX

4a’bcdlog[c+dx] +2a*d?Log[c+dx] -8ab?cdxLlog[c+dx] +

4a’bd?’xLog[c+dx] -4b3cdx?Log[c+dx] +2ab2d2x2Log[c+dx]] +

8a(1+Log[§+x]) a2(1+2Log[§+x})

3bBcd? |2Log[ 2 +x]”+ - s
b a+bx (a+bx>2
a(3a+4bx> a c e(a+bx)
2| ——————"-+2logla+bx]| |-Log[— +x]| +Log[~ +x] +Log[ ——— )+
(a+bx)2 b d c+dx

(Sa [(—bc+ad) Log[§+x] +d (a+bx) (Logla+bx] -Log[c+dx])

|/
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((bc-ad) (a+bx))+ — 22

(a+bx)2

Log[c x] !
= f_
d (bc—ad)2

d(a+bx) (bc-ad+d (a+bx)Logla+bx]-d(a+bx) Log[c+dx])

A d(a+bx)

b d
| +PolyLog|2, M
-bc+ad bc-ad

Log[§+x} Log|

]

, 12a% (1+Log[® +x]]

Bd3 +6aLog[E+x} +

-4 (a+bx)

—1+Log[§+x]

a+bx

a3 (1+2Log[§+x”

+4b[£+x) 71+L0g[£+x} +2
(a+bx)2 d d
a2(5a+6bx) a c e(a+bx)
-2bx+ —————"—+6alogla+bx]| |-Log|[— +x] +Log|[— +X| +Log[}) +
(a+bx)2 b d c+dx

(12a2 [(—bc+ad) Log[§+x] +d (a+bx) (Logla+bx] -Log[c+dx])

|/

((bc-ad) (a+bx))+ ————2a

(a+bx>2

1

Log[5+x] f—_
d (bc—ad)2

d(a+bx) (bc-ad+d(a+bx)Logla+bx]-d(a+bx) Log[c+dx])

|

Problem 27: Result more than twice size of optimal antiderivative.

J(ci+dix)3 (A+BLog[M])

d(a+bx) b(c+dx)
————L] +polylog[2, ————
-bc+ad bc-ad

12 a

]

Log[§+x} Log |

c+d x

dx
ag+bgx)?
( )

Optimal (type 4, 310leaves, 9steps):
Bd2i% (c+dx) Bdi’(c-dx)? Bi’(c+dx)? i’ (cedx) (A+BLog[ ]

c+d x
b’g* (a+bx) 4ab2g*(a+bx)’> 9bg*(a+bx)’ b*g* (a+bx)

di? (c+dx)? (A+BLog[e—(M” i3 (c+dx)? (A+BLog[4—>—e arbx ])

c+d X c+d X

2b2g4(a+bx)2 ) 3bg4(a+bx)3

® 9 [neoLop[* 002 ]| Log[1- 10| B polylog[2, 1008

+

b4 g4 b4 g4
Result (type 4, 1407 leaves):
1

36 b* g*
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12A (bc-ad)® 54Ad(bc-ad)? 108Ad? (-bc+ad)
3 - - + +36Ad3Log[a+bx] - |2b3BC3
(a+bx)? (a+bx)? a+rbx

i

(2b3c3—9ab2c2d+18a2bcd2—2a3d3—3b3c2dx+18ab2cd2x+12a2bd3x+6b3cd2x2+

d b
21ab?d®*x*+9b3d*>x3-6d’ (a+bx)3Log[E+x] +6d3 (a+bx)3Log[M +
d -bc+ad
b b
6b3c3 Log[M} 718ab2c2dLog[M} +
c+dx c+dx
e (a+bx) e(a+bx)

18a’bcd’ Log| | -6a%d’ Log|

c+dx c+dx

] ]/((bc_ad)3(a+bx)3)+

_9 (1+2Log[§+x]) 4a (1+3Log[§+x”
(a+bx>2 (a+bx>3

3b2Bc?d

6 (a+3bx) (Log[§+x} —Log[§+x] _Log{eﬁamx) ”

c+d x

2Log[§+x] 1
- +

(a+bx)3 (bc—ad)3

+6a

<a+bx)3
(bc—ad) (—bc+3ad+2bdx)
<a+bx>2

+2d?Log[a+bx] -2d?Log[c+dx]

+

18 (Log[g + X] + d (a+bx) (bc-ad+d (a+bx) Logla+bx]-d (a+bx) Log[c+dx]) )
d (bc-ad)?

(a+bx)2

18 (1+Log[%+x” 79a (1+2Log[§+x]) +2a2 (1+3Log[§+x]) )
a+bx (a+bx)? (a+bx)?

6bBcd?

1

e (a+bx]
(a+bx)3

+

6 (a®+3abx+3b*x?)

Log[§+x} —Log[§+x} —Log[

c+dx

)/

(18 ((—bc+ad) Log[§+x} +d (a+bx) (Logla+bx] -Loglc+dx])

2Log[§+x} 1
- +

bc-ad) (a+bx)) +3a?
3 M )3 (a+bx)3 (bc—ad)3

(bc—ad) (—bc+3ad+2bdx)
<a+bx>2

+

+2d? Log[a+bx] 2d2Log[c+dx])

1 1

Log[£+x] +——————d (a+bx)
d (bc-ad)?

18 a
(a+bx)2

+

(bc-ad+d(a+bx) Log[a+bx]-d (a+bx] Log[c+dx])]

108a (1+Log| 2 +x 27a% (1+2Llog|2 +x
B d? 18Log[3+x}2+ ( L ]) - ( e ]) N
b a+bx (a+bx>2
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4a3(1+3L0g[§+XH a(11a%+27abx+18b? x?)
+6 +6 Log[a+bx]
<a+bx)3 (a+bx)3
a c e(a+bx)
-Log|[— +x| +Log|[— + x| + Log[ ——] | +
b d c+dx

c
(108a ((—bc+ad) Log[a+x] +d (a+bx) (Logla+bx] -Log[c+dx])

|/

2Log[j+x} 1
- +

bc-ad) (a+bx)) +6a3
y A )¢ (a+bx)? (bc-ad)?

(bc-ad) (-bc+3ad+2bdx)
<a+bx>2

+

+2d?Log[a+bx] —2d2Log[c+dx]]

1

(a+bx)2

Log[£+x} +;d (a+bx>
d (bc-ad)?

54 a2

(bc-ad+d(a+bx) Logla+bx]-d (a+bx] Log[c+dx])] -

d(a+bx) b (c+dx)

36

Log[i +x| Log| | +PolyLog|2,

-bc+ad bc-ad

Problem 28: Result more than twice size of optimal antiderivative.
J\(ci+dix)3 (A+BLog[e—(ca+;—b;)—])

(ag+bgx)®

dx

Optimal (type 3, 89leaves, 2 steps):

7 Bi% (crdx)* 7i3 <c+dx)4(A+BLog[g$L})
16 (bc-ad) g® (a+bx)* 4 (bc-ad)g®(a+bx)*

Result (type 3, 248 leaves):
1

16b* (bc-ad) g® (a+bx)*

i?:

-(4A+B) (bc-ad)*+4 (4A+B)d(-bc+ad)’ (a+bx) -6 (4A+B)d? (bc-ad)® (a+bx)?+

4(4A+B)d® (-bc+ad) (a+bx)>-4Bd* (a+bx)*Logla+bx] -
4B(bc—ad) ((bc—ad)3+4d(bc—ad)2<a+bx)+6d2 <bc—ad) (a+bx)2+4d3 (a+bx)3)

b
Log[M} +4Bd* (a+bx)*Log[c+dx]

c+dx
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Problem 31: Result more than twice size of optimal antiderivative.

J(ag+ng)3 (A+B|_og[e_(a+_be])

c+d X

dx
ci+dix

Optimal (type 4, 252 leaves, 6 steps):

g’ (a+bx>3 A+BLog[g:*d—b;)—]) (bc-ad)g? (a+bx)2 (3A+B+3BLog[4—)—eca;bXX })
3di . 6d i '
bc-ad)’g (arbx] (6A+5B-6BLog[ 222 ])
6d3i
e o8]’ g tog] 22 ] (s 105 o iog 28 || 8 b oa)’ g poiyion[2, S22
6d4l d41

Result (type 4, 947 leaves):
1
6d*i

| 13

g>|l6b®>Bc®-24ab?Bc®d+36a°bBcd?-18a*Bd®+6Ab>c?dx+5b3Bc?dx-18aAb%cd?x-

12ab?Bcd?’x+18a’Abd®*x+7a’bBd®x-3Ab3cd*x?-b3Bcd*x®*+9aAb®d®*x*+ab’*Bd®x%+

c c c
2Ab°d®x® -6b*Bc?Log[— + x| +18ab?Bc?dLog[— +x| -18a’bBcd’ Log| — +x]| +
d d d

3b3Bc3Log[§+x}2—9ab28c2dLog[§+x}2+9a2bBcd2Log[§+x]2—3a3Bd3Log[§+x}2+

b
3a’bBcd’Logla+bx] -7a’Bd’Log[a+bx] +sb3sc2deog[e(a+dX>] -
c+dadx
b b b
182628 caxtog| L) L 1527 ba e xiog) 20X 33 Log 210X
c+dx c+dx c+dx

e (a+bx] e (a+bx]

9ab?Bd?x?Log]| | +2b*>Bd?x® Log]|
c+dx c+dx

5b>Bc3Log[c+dx] +18aAb?c?dlog[c+dx] +9ab?Bc?dLloglc+dx] -

| -6Ab>c?Log[c+dx] -

c
18a’Abcd’Log[c+dx] +6a*Ad®Log[c+dx] -6b>Bc®Log[~ +x]| Log[c+dx] +
d

(@

c
18ab?Bc?dLlog|— +x| Log[c+dx] -18a*bB cd?Log[ — + x| Log[c+dx] +
d

Z a

b
6a3Bd3Log[£+x} Log[c +dx] —6b3Bc3Log[e (a+bx | Loglc+dx] +
d c+dx
b b
18abZBc2dLog[M] LOg[CerX] _18a2bBcd? Log[e (a+ X>

]Log[c+dx] +
c+dx c+dx

b
6a3Bd3‘Log[e (2+bx) | Loglc+dx] —68Log[§+x]

c+dx
b <C+dx)

-ad (b*c*-3abcd+3a*d?) - (bc—ad)3Log[c+dx] + (bc—ad)BLog[ N y
c-a

]

d b
6B (bc-ad)’Polylog|2, M
-bc+ad

|+
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Problem 32: Result more than twice size of optimal antiderivative.

J\(ag+ng)2 (A+BLog[—(—)—eca:deX ])

ci+dix

dx

Optimal (type 4, 198 leaves, 5steps):

g2 (a+bx)? (A+BLog[ =22 ]| ~(bc-ad) g (arbx) (2A+B+28Log[ =X ]| )
2di 2d%i
(bc-ad)?g?Log[ 22t (2A+3B+23Log[4—Le (a:0x ]) B (bc-ad)?g?PolyLog[2, de2x]
2d31i d?i
Result (type 4, 575leaves):
! g?|-2b?’Bc?+6abBcd-4a2Bd*>-2Ab%?cdx-b?Bcdx+
2d3i
4aAbd2x+ade2x+Ab2d2x2+2szc2Log[§+x]—4abBchog[§+x]—
szchog[§+x}2+2abBcdLog{§+x}2—a28d2Log{§+x]2—azBdZLog[a+bx1—
b b b
28 cdxtog] 2] L aabecxiog] 22X L prparxt og[ 212X,
c+dx c+dx c+dx

2Ab%c?log[c+dx] +b?Bc?lLog[c+dx] -4aAbcdLlog[c+dx] +2a2Ad?Log[c+dx] +
c c

2b?Bc?Log|— +x| Log[c+dx] -4abBcdLlog|[— +x] Log[c+dx] +
d d

b
2aZBd2Log[£+x} Log[c +dX] +2bZBc2Log[e (2+bx) | Loglc+dx] -
d c+dx
b b
4abBchog[M] Log[c +dx] +2a?Bd? Log[M

| Log[c+dx] -
c+dx c+dx

b (c+d
28 Log[ |+ x] ad(bc-23d>+(bC-ad)zLog[udx}—(tm-m)ﬂod%] '
Cc-a

2B (bc-ad) ?PolyLog|2,

d <a+bx)
-bc+ad J

Problem 33: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[—(—)—ei;bX" })

dx
ci+dix

Optimal (type 4, 125leaves, 4 steps):
g (a+bx) (A+BLog[gM”

c+d x
di
[oc-30) glog[ 2530 ) [r8-tog[*i"]) 8 (b -ad] grotyiog[, Lt

+
d?i d2i
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Result (type 4, 291 leaves):

g 2bBc—2aBd+2Abdx—2bBcLog[£+x] +
2d%i d
c 2 c 2 e (a+bx)
bBclog[—+x| -aBdLog[—+x| +2bBdxLog|———"] -2Abclog[c+dx] +
d d c+dx

d d
2aAdLlog[c+dx] —2bBcLog[7+x] Log[c +d x] +2aBdLog[7+x] Log[c+dx] -
d d

e (a+bx) e (a+bx)
2bBclog| | Log[c+dx] +2aBdLog| | Loglc+dx] +
c+dx c+dx
b d
ZBLog[ier] ad+ (bc-ad) Log[c+dx] + (-bc+ad) Log[M] +
b bc-ad

d (a+bx)

(-2bBc+2aBd) Polylog|2,
-bc+ad

Problem 39: Result more than twice size of optimal antiderivative.

J(ag+ng)3 (A+BLog[gM])

c+d X

dx
(ci+dix)?

Optimal (type 4, 341 leaves, 9steps):
3B (bc-ad)’g®(a+bx) (6A+5B) (bc-ad)’g®(a+bx)

d3iz(c+dx) 2d3i2 (c+dx>
38 (bcad)’g’ (a+bx] Log[ S22 ] g [arbx)’ [A+5Log[ 0] )
d3 i? (c+dx) : 2di2(c+dx>

(bc-ad) g (a+bx)’ (3A+B+3BLog[ ==X ]

c+d X

2d?i? (c+dx)

b(bc-ad)®g Log[ 220 ] (6A+5B+6BLog[ x|

b (c+d x c+d x

2d4i?

3bB (bc-ad)?g®Polylog|2, %}

d*i?

Result (type 4, 956 leaves):
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2A(bc-ad)?
g3 -2Ab2d(2bc-3ad)x+Ab3d2x2+¥+
2d4i? c+dx

6Ab (bc—ad)zLog[Cerx} +

2a*Bd? (bcad+b (c+dx) Log[§+x] +
b b d b d
e(a+ X)]fbcLog[ (c+ X)}fbdeog[ (c+dx)

(-bc+ad) Log|
c+dx bc-ad bc-ad

1))/

((bc-ad) (c+dx))+3a’bBd?

—Log[§+x]2+2Log[§+x} Loglc+dx] +

c bclog[a+bx bclog[c+dx a e(a+bx
2 |- + glarbx] | glcrdx] - Log|[—+ x| Log[c +dx] +Log[¥
c+dx -bc+ad bc-ad b c+dx
a b<c+dx) d(a+bx)
[ +Loglc+dx] | +Log[—+x]| Log[ ———"]| +2PolyLog[2, —— ]| +
c+dx b bc-ad -bc+ad
4acd ad?x 2¢3 c c 2
b3B [-4c?+ —cdx+ - +4c?Llog[—+x| -3cLog[— +x]| -
b c+dx
a2d?Log[a+bx 2bc3Log[a+bx e(a+bx
glarbx] CELE I LACELLI R
b? -bc+ad c+dx
e(a+bx 2 3 Log | &atexk 2bc3Log[c+dx
d? x* Log | ( >]+ cdx -~ c2Log[c+dx] + gler ]+
c+dx c+dx bc-ad
c e(a+bx)
6c?Log|— +x| Log[c+dx] +6c? Log| | Log[c+dx] -
d c+dx

2cLog[i+x] (2ad+3bcLog[c+dx] 73bcLog[b—b(ﬁ)—])

+

b
d (a+bx)

+

6 c2 Polylog|2,
-bc+ad

6ab®Bd - (c+dx)

a
d(*+x
b

—1+Log[§+x]

—1+Log[§+x]

C 2
+cLog[E+x} +

c? (1+Log[i+x]) , L08[§+X} b (Log[a+bx] - Log[c+dx])
+

+C

+

c+dx c+dx bc-ad
a c e(a+bx) 2
~Log[— +x] + Log[— +x] + Log[——"] | |dx- —2cLog[c+dx]J—
b d c+dx c+dx
b d d b
2¢c Log[i+x] Log[M] +PolyLog|2, M} ]
b bc-ad -bc+ad
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Problem 40: Result more than twice size of optimal antiderivative.

J(ag+ng)2 (A+B|_og[e_(a+_be])

c+d X

dx
(ci+dix)?
Optimal (type 4, 260 leaves, 8 steps):
2B (bc-ad)g?(a+bx) (2A+B) (bc-ad)g?(a+bx]

d? iz <c+dx) d?i? (c+dx)
2B (bc-ad) g? (a+bx] Log[ﬂc:—b:ﬂ +g2 (a+bX)2(A+BLog[ec§:bxx)]) +
d? i2 (c+dx) di? (c+dx)
b (be-ad) g?Log[f5e7] (2A+B+2BLog[ =22 ]) 2B (bc-ad) g?Polylog[2, [Hate]
d3i? " d3i2

Result (type 4, 588 leaves):

1 2
dg’iZg
A(bc-ad)?
Abzdx—w+2Ab<—bc+ad) Log[c+dx] + [a®Bd* |[bc-ad+b (c+dx) Log[i+x]+
c+dx b
b b d b d
(-bc+ad) Log[M]—bcLog[M]_bdeog[M} ]/
c+dx bc-ad bc-ad

((bc-ad) (c+dx))+abBd

—Log[§+x]2+2Log[§+x} Log[c+dx] +

b

o[ +bcLog[a+bx1+bcLog[c+dx]_Log[i+X] Log[c+dx]+Log[e<a+ x)
c+dx -bc+ad bc-ad b c+dx
a b (c+dx) d(a+bx)

[ +Loglc+dx]| +Log[—+x]| Log[ ———"]| +2PolyLog[2, ——* )+
c+dx b bc-ad -bc+ad

c 2
+cLog[a+x] +

—1+Log[§+x]

- (c+dx) (71+Log[§+x}

ooy

c? (1+Log[§+x]) Log[§+x} b (Logla+bx] -Log[c+dx])

+c? |- + +
c+dx c+dx bc-ad
a c e (a+bx) 2
(Log[+x]+Log[+x]+Log[ dx- 2cLog[c+dx])
b d c+dx c+dx
b d d b
2c¢ Log[i+x] Log[M] +PolyLog[2, M J
b bc-ad -bc+ad
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Problem 41: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[e_(ﬂ)_”

c+d X

dx
(ci+dix)?

Optimal (type 4, 160 leaves, 7 steps):

Ag(a+bx) Bg(a+bx) Bg (a+bx) Log [ &ta:bx |

c+d X

diz(c+dx)+diz(c+dx) diz(c+dx)

bgLog| 7;’(:3:) ] (A + B Log [ &2 :;bxx ] ) bBgPolyLog|2, J—Li (‘:Zi) ]

d?i? d?i?

Result (type 4, 333 leaves):

1
2d?i?
2A (bc-ad) a
g|———"+2Ablog[c+dx] +|2aBd|bc-ad+b (c+dx) Log[~+x]| + (-bc+ad) Log|
c+dx b
b b d b d
e(a+ X>]—bcLog[ (c+ X>]—bdeog[ (c+dx) /
c+dx bc-ad bc-ad

((bc-ad) (c+dx)) +bB [—Log[:+x]2+2Log[;+x} Log[c+dx] +

b
S ¢ +bcLog[a+bx1 +bcLog[c+dx]_Log[i+X] Log[c+dx]+Log[e<a+ x)
c+dx -bc+ad bc-ad b c+dx
a b (c+dx) d(a+bx)
[ +Log[c+dx] | +Log[—+x]| Log[ ————"]| + 2PolylLog[2, ———* )]
c+dx b bc-ad -bc+ad

Problem 47: Result more than twice size of optimal antiderivative.

J(ag+ng)3 (A+BLog[gmL])

c+d x

dx
(ci+dix)3
Optimal (type 4, 361 leaves, 9steps):
3B(bc-ad)g®(a+bx)? 3bB(bc-ad)g®(a+bx)
4d2i (c+dx)? d*i® (c+dx)

+

b (3A+8B) (bc-ad) g’ (a+bx) 3bB(bc-ad)g’(a+bx] Log[e22x ]

c+d X
+

d*i® (c+dx) d®13 (c+dx)

c+d X c+d X

g (a+bx)’ (A+BLog[==]) (bc-ad) g’ (a+bx)® (3A+B+3BLog[ =]
+

+

dil (c+dx)2 2d213’<c+dx)2

b? (bc-ad) g3Log[ﬁ} <3A+B+3BLog[ﬂ$>—]) 3028 (bc-ad) g?Polylog|2, S((iizi))}

d* i3 d* i3
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Result (type 4, 1161 leaves):

2A (bc-ad)® 12Ab (bc-ad)?
g3 |aAbidx+ - +12Ab? (-bc+ad) Loglc+dx] -
4.4d4i3 (c+dx)? c+dx
1

(bc-ad)? (c+dx)?

3a’?bBd? |-b?>c*+4abc®?d-3a%cd*-2b>c?’dx+6abcd’x-4a%2d3x-

b
2b (bc—Zad) (c+dx)2Log[a+bx1 42 (bc—ad>2 <c+2dx) Log[y} +
c+dx

2b%c3 log[c+dx] -4abc?dlog[c+dx] +4b?>c?dxLog[c+dx] -

8abcd?’xLlog[c+dx] +2b%cd?x?Log[c+dx] -4abd3x?Log[c+dx]

a
[a3Bd3 (—b2c2+4abcd—a2d2+2b2cdx+2abd2x+2b2d2x2—2b2 (c+dx)*Log[~+x] +
b

b b d
2 (be-ad)?Log[ S22 L gpe 2 Log 21X,
c+dx bc-ad
b d b d
4b2cdeog[M}+2b2d2X2Log[M] ]/((bcad)z(c+dx)2)+
bc-ad bc-ad
8c (1+Log|s +X c? [1+2Log| < +x
3ab?Bd 72Log[£+x}27 ( [d ]) N ( [d ]) .
d c+dx <C+dX>2

Log[§+x} b (Logla+bx] - Log[c+dx])
.

8c +
c+dx -bc+ad
a c e (a+bx) c(3c+4dx)
2 [-Log|[—+x]| +Log|[—+x] +Log]| +2Llog[c+dx] | +
b d c+dx (c+dx)?
1 e —Log[i+x} L
(c+dx)2 b <bc—ad)2

b(c+dx) (bc-ad+b (c+dx) Logla+bx] -b (c+dx) Log[c+dx])

+

a b (c+dx) d(a+bx)
4 |Log|— +x| Log[———] +PolyLog[2, ——*=
b bc-ad -bc+ad
b®B —4d(i+x —1+Log[i+x] +4(c+dx) —1+Log[5+x] -
b b d
12c? (1+Log| s +x 3 (1+2Log|<+x
6CLOg[£+X]27 ( [d }) . ( [d ]) -
d c+dx (c+dx)?
a
e 7Log[b+x] +b(Log[a+bx]—Log[c+dx]) .

c+dx bc-ad
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b
2(Log[a+x]+Log[c+x]+Log[e<a+x) J
b d c+dx
c? (5c+6dXx) 1 a 1
-2dx+ ———————+6cloglc+dx] |+ ————2¢ [-Log|[— +X]| + —————
(c+dx)? (c+dx)? b (bc-ad)?

+

b(c+dx) (bc-ad+b (c+dx) Logla+bx]-b(c+dx) Loglc+dx])

b d d b
12c oledx)y poiytoglz, 120X

bc-ad -bc+ad

Log[§+x} Log|

Problem 48: Result more than twice size of optimal antiderivative.

Jﬂbg+ngf(A+Bu@[gmmg”

c+d x

dx
(ci+dix)?

Optimal (type 4, 251 leaves, 8 steps):
Bg? (a+bx)? Abg?(a+bx) bBg?(a+bx)

4di3 (c+dx)2 d? i3 (c+dx) ' d? i3 (c+dx)

bBg? (a+bx) Log[ =*P*-] g2 (a+bx)? (A+BLog[ *tPx ]|

c+d X c+d X
d?i% (c+dx) 2di3 (c+dx)2
ot gl 1] (1mton a2 ]| vogtpeiyioplz, 222
d3 i3 - d3 i3

Result (type 4, 790 leaves):
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1 ,| 2A(bc-ad)® 8Ab(bc-ad)
- + +4Ab%Log[c+dx] -
4d31i3 (c+dx)? c+dx

1
(bc—ad)2 (c+dx)2

2abBd|-b>c®+4abc®?d-3a2cd*-2b2c?dx+6abcd*x-4a%>d®>x-

b
- (bc—zad) (c+dx)2Log[a+bX] +2 (bcfad>2 <C+2dX) Log[e<a+dx)} +
c+dadx

2b%>c3Llog[c+dx] -4abc?dLlog[c+dx] +4b?>c?dxLog[c+dx] -

8abcd’xLlog[c+dx] +2b%cd?x?Log[c+dx] 4abd3x2Log[c+dx}J -

[aZBdZ (—b2c2+4abcd—a2d2+2b2cdx+2abd2x+2b2d2x2—2b2 (c+dx)?Log[ 2 +x] +
b

b b d
Z(bc—ad)zLog[M]+2b2c2Log[M +
c+dx bc-ad
b (c+dx) b (c+dx)

4b%cdxLog| | +2b%d*x* Log]|

bc-ad bc-ad

]

]/((bc—ad)z(c+dx>2)+

8c (1+Log|<+x c?2(1+2Log|<+x
628 |-2Log[ < +x]” - | il + | k) N
d c+dx (C+dx)2
Log[i+x} b (Log[a+bx] - Log[c+dx])
8C + +

c+dx -bc+ad

2 (Log[Z*X] +Log[§+x] +L0g[e (Ca++dbxx) ) [C (<3C*4dx>

+2Log[c+dx]| +
c+dx)2
1

(C+dX>2

7Log[i+x}+ =

2¢c? —_—
b (bc—ad)2

b(c+dx) (bc-ad+b (c+dx) Logla+bx]-b (c+dx) Loglc+dx])

|

Problem 55: Result more than twice size of optimal antiderivative.

+

b (c+dx) d(a+bx)
7] +P01yLog[2, D —
bc-ad -bc+ad

4

Log[erx} Log[

2

e(a+bx) 4
e X

J(ag+ng)3 (ci+dix) |[A+BLog|
c+dx

Optimal (type 4, 539 leaves, 11 steps):



22 | Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~"m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))~n))p.nb

3B2 (bc—ad)4g3ix 3 B2 (bc—ad)3g3i (c+dx)2 b B2 (bc—ad)2g3i (c+dx)3

+

10b d3 20 d4 30 d*
B (bc—ad)ZgBi <a+bx)3 (A+BLog[ﬂ$L]) ) B (bc—ad) g3 i (a+bx)4 (A+BLOg[5ca+;—bXXL])
30b2d 10 b?
(bc—ad)g3i (a+bx)4 (A+BLog[gc:—b:L”2+g3i (a+bx)4 (c+dx) (A+BLog{g:;—b:L”2+
20 b2 5b
8 (bc-ad)’gi (abx)” (34184 3BLog[+22x |
60 b? d?
B(bc-ad)g’i(a+bx] [6A+5B+6BLog[=2bx ]
60 b% d3
® (bc-ad) g’ iLog S| (6A+ 118+ 6B Log[*20x |
60 b2 d*
B2 (bc-ad)®g’ilog[c+dx] B2 (bc-ad)®g®iPolylog|2, ﬁ

10 b2 d4 10 b2 d4
Result (type 4, 3093 leaves):
1
60 b2 d4
g?i|-6b°B?>c®>+36ab*B2c*d-90a’b>B?c3d?+90a>b?B2c?d*-24a*bB?>cd*-6a°B>d>-6Ab°B
c*dx+b°B2c*dx+30aAb*Bc3d?’x-8ab*B2c®d?®’x-60a’Ab>Bc?d®x+24a2b3B2c?2d®x+
60a>A’b?cd*x+30a*>Ab?’Bcd*x-28a°b?*B2cd*x+6a*AbBd°x+11a*bB%d°>x +
3Ab°Bc3d?x?-2b°B2c3d®*x?-15aAb*Bc?d®x?+12ab*B2c?d®x?+90a%2A%2b3 cd*x? -
15a2Ab>Bcd*x>-18a%b3B?cd*x?+30a3A?b?d° x?+27a>Ab’Bd’>x?> +8a3b2B?d°> x? -
2APBC?d®x3+2b°B2c?2d®x3+60aA’b*cd*x*-20aAb*Bcd*x>*-4ab*B?cd*x®+
60a2A2b3d° x> +22a2Ab3Bd>x3+2a%2b3B2d° x> +15A%2b° cd*x*-6Ab>Bcd* x* +
a
45aA?b*d°x* +6aAb*Bd® x* + 12A?b° d° x° - 6ab* B> c* d Log| — + x| +
b

30a2b3B2c3d? Log[§+x} -60a3b?B%c?d’ Log[§+x] +30a4bB2cd4Log[§+x} +
6a582d5Log[§+x] +15a4bB2cd4Log[§+x]2—3a582d5Log[§+x]2+6b582c5Log[§+x} -

c c c
30ab®B*c*dLlog[— + x| +60a*b>B?c®d? Log[ — + x| -30a>b?B? c?d’ Log| — + x| -
d d

a

6a4bB2cd4Log[§+x] —3b582c5Log[§+x}2+15ab482c4dLog[§+x]2_
30a2b3Bzc3d2Log[§+x}2+30a3b282c2d3 Log[§+x}2—3a2b382c3d2Log[a+bx] +
13a>b2B?c?d®Log[a+bx] +30a*AbBcd*Log[a+bx] +a*bB2cd*Log[a+bx] -
6a°ABd®Log[a+bx] -11a°>B*d° Log[a + b X] 730a4szcd4Log[§+x] Log[a+bx] +
6aSBZd5Log[§+x] Log[a + b x] +30a4szcd4Log[§+x] Log[a+bx] -

d b
6a582d5Log[§+x] Log[a + b x] 730a4bB2cd4Log[§+x] Log[% +
-bc+a
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d b b
6a532d5|_og[§+x] Log[m]6b582c4deog[e<a;X>]+
-bc+a c+dx
b b
30”“3“3‘12“03[y} 66277 B2 7 x Log [ - <a+d A
c+dx c+dx
b b
120a3AbZBcd“xLog[e(a+dX>]+30a3b232cd“xLog[e<a+dXH+
c+ax c+dx
b b
6a4bBZd5XLOg[M}+3b582c3d2x2|_0g[e<a+ X) )
c+dx c+dx
b b
15ab4BZc2d3x2Log[e (a+d X> ] +180a2Ab3Bcd4x2|_og[e(a+dX>] B
c+dx c+dx
b b
15a2b3Bsz4X2Log[y]+6033AszdSX2LOg{e<a+d X>]+
c+dx c+dx
b b
2733b282d5X2L0g[e(a+dX>]2b5B2c2d3X3Log[e<a+dX)}+
c+ax c+dx
b b
120""“’4'3Cd“><3Log[m]—Z(aab“|32c<14x3Log[ie<a+ X>}+
c+dx c+dx
b b
120a2Ab3Bd5x3Log[e<a+dX)]+22a2b382d5x3|_0g[e<a+dx)}+
c+ax c+dx
b b
30AbsBcd4x4Log{y} —6b582cd4x4Log[e (a+d x) ] +
c+dx c+dx
b b
90aAb4Bd5x4Log[e<a+dX>}+6ab4Bzdsx4Log[e(a+dX>]+
c+dx c+dx
b b
24AbsBd5x5Log[M]+30a4szcd4Log[a+bx] Log[ie (a+bx) -
c+dx c+dx
b b
GaSBZdSLog[a+bX] LOg[#]*6933b232Cd4xLog[e<a+d X>]2Jr
c+dx c+dx
b b
9932b3BZCd4X2L0g[y]Z+30a3b282d5x2Log[‘e (a+d . ]°+
c+dx c+dx
b b
60ab4Bzcd4x3Log[@}z+6eazb332dsx3Log[e(a+d X>}2+
c+dx c+dx
b b
15b582cd4x“Log[e<a+dX)}2+45abaBzdsxaLog[e(‘-’HdX>]2+
c+dx c+dx

[e<a+bx) )

12 b°B?d° x° Log |"+6Ab>Bc®Log[c+dx] -b>B2c® Log[c+dx] -

c+dx
30aAb*Bc*dlog[c+dx] +11ab*B?>c*dLlog[c+dx] +60a>Ab3>Bc3d?Log[c+dx] -

37a’b*>B2c®d? Log[c+dx] -60a>Ab2Bc?d®Log[c+dx] +27a3b?B?c?d®Log[c+dx] -
552 .5 a 4R2 4 a
6b>B?c> Log[— + x| Log[c+dx] +30ab*B?c*dLog|—~ +x| Log[c+dx] -
b b

a a
60 a% b® B2 > d? Log | — + x| Log[c +dx] + 6@ a> b? B2 c*d® Log| — + x| Log[c+dx] +
b b
c c
6b° B2 c® Log[ — + x| Log[c+dx] -30ab*B?c*dLog[— + x| Log[c+dx] +
d d

c c
60 a2 b’ B2 c® d? Log| — + x| Log[c +d x] - 60 a®>b?B? c> d® Log|[ — + x| Log[c+dx] +
d d

| 23
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b b
6b5Bzc5Log[e<a+ X)}Log[c+dx]730ab4B2c4dLog[e(a+ X>]Log[c+dx]+
c+dx c+dx
e (a+bx) e (a+bx)
60 a®> b®B? > d” Log| | Log[c+dx] -60a®b?B?c?d®Log| | Loglc+dx] +
c+dx c+dx
b d b d
6b5B2c5Log[i+x] Log[M]—30ab4B2c4dLog[i+x} Log[M}Jr
b bc-ad b bc-ad
b d b d
60a2b3Bzc3d2Log[E+x} Log[M}—60a3b282c2d3Log[E+x] Log[M}+
b bc-ad b bc-ad
d(a+bx>
6b2B>c? (b>c®-5ab?c®d+10a’bcd’-10a° d®) Polylog[2, —— | +
-bc+ad
b d
6a*B>d* (-5bc+ad) PolylLog|2, M]
bc-ad

Problem 56: Result more than twice size of optimal antiderivative.

b 2
J(ag+ng>2(ci+dix) A+BLog[M dx
c+dx
Optimal (type 4, 450 leaves, 10 steps):
Bz(bc—ad)3gzix Bz(bc—ad)zgzi(cmx)2
_ . _
3bd? 12 d3
B(bc—ad)zgzi(a+bx)2(A+BLog[ﬂcz—b:>—]) _B(bc—ad)gzi(a+bx)3(A+BLog[ﬂ$)—]) )
12 b2%d 6 b?
(bc-ad)g?i(a+bx)? (A+BLog{e—(ca+;—b):‘)—H2+gzi (a+bx)? (c+dx) (A+BLog[e—(ca;j—bx)‘)—})2+
12 b? 4b
B(bc-ad)’g?i(a+bx) (2A+B+2BLog[ ==X ] )
12 b2 d?
B (bc-ad)*gilog[ 2e2d] (2A+3B+2BLog[4—L‘*c:bx" ])
N
12 b2 d?
B2 (bc-ad)*g?ilog[c+dx] B2 (bc_ad>4gziP°1yL°g{2)z(:izz)
+
6 b2 d3 6 b2 d3

Result (type 4, 2270 leaves):
1
12 b2 d3
g?i|2b*B2c*-10ab>B2c3d+12a%b?B2c?d?’-2a*bB2cd®-2a*B*d*+2Ab*Bc3dx-b*B>c3dx-
8aAb>Bc?d’x+5ab3B2c?d?’x+12a2A?b?>cd3x+4a2Ab*Bcd3>x-7a2b?B2cd®x+
2a3AbBd*x+3albB2d*x-Ab*Bc2d®x?+b*B>c?2d®x?+12aA’b3cd3x?-
4aAbPBcd®x?-2ab3B?cd®x?+6a°A’b?d*x?+5a2Ab?Bd*x?+a?b?2B%d*x?+
AN cd®x3-2Ab*Bcd®x3+8aA?b3d*x3+2aAbPBd* x> +3A2b*d* x4+
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2ab3Bzc3dLog[i+x] —8a2b282c2d2Log[§+x} +4a3szcd3Log[§+x] +
a a 2 a 2 c
2a4B2d4Log[E+x]+4a3szcd3Log[E+x} —a4B2d4Log[g+x] —2b4B2c4Log[E+x]+

8ab*B?c®dLog|[— + x| —4a2b2B2c2d2Log[§+x} —2a3bB2cd3Log[§+x] +

<
d
c 2 c 2 c 2
b*B?c*Log|— +x| -4ab’B>c?dLlog[— +x| +6a’b?B2c?d’Log[— + x| +
d d d
a’b?B?c?d?Logla+bx] +8a>AbBcd®Log[a+bx] +2a*bB?cd3Log[a+bx] -
a
2a*ABd*Log[a+bx] -3a*B*d*Log[a+bx] -8a’bB?cd®Log|— +x]| Log[a+bx] +
b

a c
2a*B?d* Log[— + x| Log[a+bx] +8a’bB?cd’Log|— + x| Log[a+bx] -
b d

d b
2a432d4Log[§+x] Log[a+bx] -8a*bB%cd? Log[iﬂq Log{%} N
-bc+a
d b b
2a4BZd4LOg[S+X] LOg[M]+2b4BZC3dXLOg[M
d -bc+ad c+dx
b b
8ab3BZC2d2XLOg[y]+2432AbZBCd3xLog{y .
c+dx c+dx
b b b
432b232Cd3X|—0g[M]+2a3szd4xLog[M},b432c2d2x2|_0g[m]+
c+dx c+dx c+dx
b b
24aAb3BCd3X2L0g[y}—4ab332Cd3x2L0g[M .
c+dx c+dx
b b
1232Aszd4x2|_og[e(a+dX)} +532b232d4X2L0g[e<a+dX)
crax c+dx
b b
8AbABCd3X3L°g[y]—2b4Bzcd3x3Log[y .
c+dx c+dx
b b b
163Ab35d4X3L08[e<a+dX>}+Zab3Bzd“x3Log[‘3(a+d)(>]+6Ab4sd4x4Log[e(a+dX>]+
c+dx c+dx crdx
e (a+bx) e (a+bx)
8a*bB2cd®Llog[a+bx] Log[id}—za432d4|_og{a+bx] Log[id]Jr
c+dx c+dx
b b
1232b232€d3xL0g[e<hdx) ®,12ab3B% c d X2 Log[e<"’”dx>]2+
c+adx c+dx
b b
627678 d* o Log [ L2017 L apege e o Log[ 210X 2,

c+dx c+dx

[e(a+bx) ) [e(a+bx) 2

8ab>B2d* x3 Log +3b*B2d*x* Log

c+dx c+dx
2Ab*Bc*Log[c+dx] +b*B2c*Log[c+dx] +8aAb3>Bc3dLog[c+dx] -
6ab>B2c®dlog[c+dx] -12a?Ab?>Bc?d?Log[c+dx] +5a%b?B2c?d?Log[c+dx] +

a a
2b*B? c* Log[ — + x| Log[c+dx] -8ab®B*c*dLog|~ +x] Log[c+dx] +
b b
a c
12a’b? B2 c2d? Log| — + x| Log[c +dx] - 2b*B? c* Log| — + x| Log[c+dx] +
b d

c c
8ab*>B?c®dLog[— + x| Log[c+dx] -12a?b?B?c?d? Log| — + x| Log[c+dx] -
d d
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e (a+bx) e (a+bx)

2b* B2 c* Log| | Loglc+dx] +8ab*B?c®dLog|

c+dx c+dx
e (a+bx)

| Loglc+dx] -

b d
| Log[c+dx] —2b4Bzc4Log[i+x] Log[M] +
c+dx b bc-ad

b d b d

b<c+ X>}712a2b282c2d2Log[i+x] Log[i<c+ X) -
c-ad b bc-ad

d(a+bx)

T

-bc+ad

12 a’b? B2 2 d* Log|
8ab3B2c3dLog[§+x] Log|

2b*B?c? (b>c®-4abcd+6a”d®) Polylog|2,

b (C+dx>

2a*B?d’ (-4bc+ad) Polylog|2,
bc-ad

Problem 57: Result more than twice size of optimal antiderivative.

2

e (a+bx) .
_ X

J(ag+ng) (ci+dix) |A+BLog|

c+dx

Optimal (type 4, 343 leaves, 9steps):

B2 (bcfad)zgix B (bc—ad)zgi (a+bx) (A+BLOg[e(a+bx)])

c+d X B
3bd 3b%d
B(bcfad)gi(a+bx)2(A+BLog[e—(ca+;—b):‘)—”
3 b?
(bc-ad)gi(a+bx)? (A+BLog[e—($)—})2+gi (a+bx)? (c+dx) (A+BLog[gca+;—b:)-])2_
6 b2 3b
B (bc_ad)sgiLOg[bb(:Zi)} (A+B+BLOg{eca+;bxx }>
3 b2?d? )
B2 (bc—ad)3giLog[c+dx] _Bz (bc—ad)3giPolyLog[2, S(iizg}
3 b2 2 3b%d?

Result (type 4, 1443 leaves):
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1

6 b? d?
gi|-2b3B2c®+2ab?B?c?d+2a’bB?cd?’-2a°B>d®>-2Ab>Bc?dx+2b>B2c?dx+6aA’b?>cd®x-

4ab’B’cd’x+2a’AbBd®x+2a’bB?d®x+3A%b3cd’x>-2Ab3>Bcd?’x>+3aA’b?d3x?+
a a
2aAb’Bd®x?+2A?b>d*>x* -2ab?B? c?dLog|— + x| +2a’B2d® Log| — + x] +
b b

a a c c
3a2szcd2Log[—+x]2—a382d3Log[—+x]2+2b382c3Log[—+x} -2a’bB?cd?Log| — +x] -
b b d d
c c
b3Bzc3Log[—+x]2+3ab282c2dLog[—+x]2+6a2AbBcd2Log[a+bx] +
d d

2a’bB?cd’logla+bx]-2a%ABd3®Log[a+bx] -2a3B?>d®Log[a+bx] -
21 R2 42 a 352 43 a

6a’bB?cd’Log[—+x]| Log[a+bx] +2a®B?d’ Log[~ +x] Log[a+bx] +
b b

c c
6a’bB?cd’Log[— +x| Log[a+bx] -2a’B?d’® Log[— +x] Log[a+bx] -
d d

d b d b
6a2bB2cd2L0g[£+X] LOg[M}JrZaE;BZd?’LOg[Eer] LOg[ (a+ X) B
d -bc+ad d -bc+ad
b b
2b3Bzc2deog[M} +12aAbZBcd2xLog[M} .
c+dx c+dx
b b b
2a2bB2d3XLog[M}+6AbBBCd2X2LOg[M]*ZbBBZCdZXZLOg[e<a+ X)}Jr
c+dx c+dx c+dx
b b b
6""/“’2'3‘13"2'-Og[m]+2?=‘bz|320|3X2Log[M}+4Ab3’Bd3x3|_og[M}+
c+dx c+dx c+dx
e (a+bx) e (a+bx)
6a’bB?cd’Log[a+bx] Log| ————] -2a’B*d*Log[a+bx] Log| ——] +
c+dx c+dx
b b
6abZBzcd2xLog[M 2+3b332Cd2X2Log[M}z+
c+dx c+dx
b b
3ab2B2d3x2Log[M2+2b3Bzd3x3Log[7e (a+bx) 2+2Ab3Bc3Log[c+dx]—

c+dx c+dx
2b>B2c3Llog[c+dx] -6aAb?Bc?dLlog[c+dx] +2ab?B?c’dlog[c+dx] -

a a
2b>B2c? Log[ — + x| Log[c+dx] +6ab?B?c?dLog|— +x] Log[c+dx] +
b b

c c
2b>B% c® Log|[ — + x| Log[c+dx] -6ab?B*c*dLog|— +x] Log[c+dx] +
d d

b b
2b3B2c3Log[M} Log[c +dx] f6ab282c2dLog[M] Logc+dx] +
c+dx c+dx
b d b d
2b3B2C3 Log{i+x] Log[u] —GaszZCZdLog{ier] LOg[M] .
b bc-ad b bc-ad
d(a+bx) b(C+dX>

2b?B?>c? (bc-3ad) PolyLog|2, | +2a?B?d® (-3bc+ad) PolyLog|2,

-bc+ad bc-ad

]
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Problem 58: Result more than twice size of optimal antiderivative.

J(ci+dix)

Optimal (type 4, 203 leaves, 7 steps):

B(bc-ad)i(a+bx) (A+BLog[5M])

2

e(a+bx) 4
_— X

A+BLog|

c+dx

_ c+d X
b2
. . 2
1(c+dx)2(A+BLog[ﬂ;—b:L]) +BZ (bc—ad)ZiLog[c+dx} .
2d b2 d
2 . e (a+bx b (c+dx 2 2 . b (c+dx
B(bc-ad)®i (A+BLog[—(—)—c+dX }) Log[174—)—d<a+bx>] 7B (bc-ad)®iPolylog|2, _(—)_d(a+bx)]
b2 d b2d
Result (type 4, 734 leaves):
1 2ABc(—adLog[a+bx]—bdeog[e—(ﬂ)—]+bcLog[c+dx1>
i|A2cx+ —A2dx?- crdx +
2 bd
d 2dL b e (a+bx 2L d
AB |-cx. 29X 2 ogla X]+dx2Log[ ( ) . S oglc+dx] +
b2 c+dx d

1, a 2 C 2 a C
—B c(adLog[Eer] +bclog[— +x] 72adLog[g+x] Log[a+bx]+2adLog[g+x}

bd d
c d(a+bx) e(a+bx)
Logla+bx] -2adlog|—+x| Log| ———-] +2adlog[a+bx] Log| ——] +
d -bc+ad c+dx
e(a+bx) a c
bdxLog[———] +2bclog[~+x] Log[c+dx] -2bcLog[—+x] Log[c+dx] -
c+dx b d
b b d
2bcLog[e(aJr X>]Log[c+dx}—2bcLog[i+x] Log[M]—
c+dx b bc-ad
d(a+bx) b (c+dx) 1
2bcPolyLog[2, 7} —ZadPolyLog[Z, }J + —B2%d
-bc+ad bc-ad 2
b
xZLog[e(ca:dXX) 2_b21d2 [—2d(—bc+ad) (a+bx) —1+Log[§+x} +a2d2Log[§+x]2—

2b (bc-ad) (c+dx)

—1+Log{§+x]

b2 2 Log[§+x]2_2 Log[§+x] —Log[§+x] _

b
LOE[M] (a®d’Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -
c+dx
b d d b
2 b2 2 (LOg[E+X} Log[u} +P01yLog[2, (a+ X) ]
b bc-ad -bc+ad

d(a+bx) b (c+dx)

| +PolylLog|2,
-bc+ad bc-ad

]

2a%d? (Log[im} Log |

I
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Problem 59: Result more than twice size of optimal antiderivative.

J(ci+dix) (A+BLog{gc%LU2

dx
ag+bgx

Optimal (type 4, 286 leaves, 8 steps):

2B (bc-ad) iLog[Lad)} (A+BLog[ga*—be}) di(a+bx) (A+BLog{4—)—e arbx })2

b (c+dx c+d x c+d X
N _
b2g b2g
(bc-ad) i (A+BLog[ﬂ$—b;L])2Log[1—Z—iﬁ))—] +2|32 (bc-ad) iPolyLog|2, z—gﬁﬂ )
b2g b2g
2B (bc-ad)i[A+BLog[ > ]] PolyLog|2, bledn | ) 282 (bc-ad) iPolylog[3, Blcix]
b%g b%g
Result (type 4, 1196 leaves):
i|3A’bdx+3A* (bc-ad) Logla+bx] -
3b%g
a 2 a
3AB adLog[E+x] —2adLog[E+x} (1+Logla+bx]) +
c d<a+bx)
2|-bc+ad+Llog[—+x] |bc+adLlogla+bx] -adLlog| ——] | +
d -bc+ad
e (a+bx) b (c+dx)
(-bdx+adlog[a+bx])Log|———"]|-2adPolylog[2, ——— J+
c+dx bc-ad
a 2 a C e(a+bx>
3AbBc |Log[—+x]| -2Log[a+bx] (Log[+x}Log[+x}Log[
b b d c+dx
d b b d
2 Log[£+x} Log[M]+PolyLog[2, M] J—
d -bc+ad bc-ad
B2 [adLog[§+x]33d(a+bx) 272Log[§+x}+Log[§+x}2 -
3b (c+dx) 272Log[§+x}+Log[§+x}2 -
b 2
3d (bx-alogla+bx]) —Log[i+x]+Log[E+x]+Log[M +
b d c+dx
6(ad+2bdxbdeog[;+x}bcLog[c+dx]+
b d
Log[i+x} (d(a+bx)+d(a+bx) Log[5+x}+(bcfad) Log[M +
b d bc-ad
d(a+bx) e (a+bx)

(bc-ad) PolyLog|2, -3

Log[§+x] —Log[§+x] —Log[

-bc+ad c+dx
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a a 2
[2bc+2ad2d (a+bx) Log[g+x] +adLog[E+x} +

c d(a+bx) b (c+dx)
2log[~+x| |b(c+dx)-adLlog|———"]|-2adPolylog[2, —— ]| -
d -bc+ad bc-ad
b {c+d d(a+b
3ad Log[a”]z(%g[c*x}wg[w] ~210g[ 2+ x] Polylog|2, ML
b d bc-ad b ~bc+ad
d b d b
2 Polylog 3, M] +3ad(Log[£+x}2Log[7(aJr x) N
-bc+ad d -bc+ad
b d b d
2Log[£+x} Polylog|2, u} - 2Polylog|3, M] J+
d bc-ad bc-ad
d b
bB2c LOg{i+X]3+3Log[£+x]2Log[M}+3LOg[a+bX]
b d -bc+ad
b 2
,Log[iJrX}JrLog[EJrX}JrLog[M +
b d c+dx
b d d b
3L0g[i+x]2 7|_Og[£+X] +Log[<C+X)}) +6L0g[i+X] PolyLog[Z, M N
b d bc-ad b ~-bc+ad
b d b
6Log[£+x] Polylog|2, M]—3 Log[i+x]_Log[£+x]_Log{M
d bc-ad b d c+dx

d b b d
Log[i+x]272 Log[£+x] Log[u] +Polylog|2, M})] -
b d -bc+ad bc-ad
d b b d
6 Polylog|3, M} -6 Polylog|3, M] ]
-bc+ad bc-ad

Problem 60: Result more than twice size of optimal antiderivative.

J(cimix) (A+BLog[ =2 ] )

(ag+ng)2

dx

Optimal (type 4, 241 leaves, 7 steps):

2824 (c+dx) 2Bi(c+dx) (A+BLog[ﬂa+_bXLH

c+d x
bg? (a+bx) bg® (a+bx|
i(c+dx) (A+BLog[gi+d_bxxL])2_di (A+BLog[ﬂ$L])2Log[l—ZJ<:—$H )
bg? (a+bx) b g?
2Bdi (A+BLog[ﬂ;—b:L}) PolyLog|2, %] 28?d i Polylog|3, %]
b2 g2 ' b? g2

Result (type 4, 1155leaves):
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1 3A% (-bc+ad) ,
1 +3A“dLlogla+bx] -
3b2g? a+bx
d b
cabae-a (a-0x] Log € x| va (a0 Log £ 2
d -bc+ad
e (a+bx)
(bc-ad) (1+Log[7} ]]/((bc—ad) (a+bx)) -
c+dx
e (a+bx)
3bB2c(2bc2ad+2d(a+bx> Logla+bx] +2 (bc-ad) Log| ———"] +
c+dx
b
b(c+dx)ug[iﬁt—llr—Zd(a+bx)wgu+dx1 /
c+dx
2a (l+Log|?+x
((bc-ad) (a+bx))+3ABd ug[i+x]2+ ( [b ])+
b a+bx
a c e (a+bx)
2( +Logla+bx] —Log[7+x]+Log[7+x]+Log[——————— 4
a+bx b d c+dx
c
(Za[(‘bc+ad)H%[a+x]+d(a+bx)(ug[a+bx]—ug[c+dﬂ) L/
d b b d
((bc-ad) (abx]] -2 [Log[ - x] Log[ * P )1, poryiog[2, 219X )],
d -bc+ad bc-ad
3a(2+2Log[2+x]|+Log[2+x]? q b
B2d Log{i+x}3+ ( [b ] [b } ) +3L0g[£+x]2|_og[ <a+ X) .
b a+bx d -bc+ad
b 2
& 3(a+ (a+bx) Logla+bx]) _Log[iﬂ(]+Log[£+x]+|_og[e<a+ x) B
a+bx b d c+dx
b d d b
3L0g[i+x]2 Log[£+x}_Log[M] +6Log{i+x] PolyLog{Z, M]+
b d bc-ad b -bc+ad

(3a[d(a+bx)ug[:+xf+2((bc+ad)ug[3+x]+d(a+b@

a c
Uﬂgw+bx]—Ug[c+dﬂ))—2hm[;+x] @c—ad)ﬂg{g+x}+d

1]/

b(c+d@
bc-ad

d(a+bx)

(a+bx) Log| -2d (a+bx) PolyLog|2,

-bc+ad
|+

d (a+bx)
-bc+ad J

b<c+dx)

((bc-—ad)(a-fbx))-+6Log[£-+x]PolyLog[2,
d bc-ad

(3a

Log[§—+x}

b(c+dx)ug[§+x]72d(a+bx)Mg[

b(c+dx)

2d (a+bx) PolyLog|2,
bc-ad

]

J/((bc—ad) (a+bx)) +
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+b 2a (l+Log|2+x
3 _Log[i+x]+L0g[£+x]+L°g[e<a X)} (Log[i+x}2+ ( {b ]) +
b d c+dx b a+bx
c
(Za ((fbc+ad) Log[Eer} +d (a+bx) (Log[a+bx]-Log[c+dx]) )/
d(a+bx) b (c+dx)

((bc-ad) (a+bx)) -2 | +PolyLog|2,

-bc+ad bc-ad

|

Problem 64: Result more than twice size of optimal antiderivative.

Log[§+x] Log |

d(a+b b (c+d
M}—6PolyLog[3, (c+dx]

6 Polylog|3, _—
-bc+ad bc-ad

]

2

e(a+bx> ;
_ X

J(ag+ng)3 (ci+dix)?|A+BLog|

c+dx

Optimal (type 4, 711 leaves, 17 steps):
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3B2 (bc—ad)5g3i2x B2 (bc—ad)2g3i2 (aerx)4 3 B2 (bc—ad)‘1g3i2 (c+dx)z
N _

+

20 b2 d3 60 b3 40 b d*
Bz<bc—ad)3g3iz(c+dx)3 B(bc—ad)3g3i2(a+bx)3(A+BLog[ﬂca:d—b;L])
60 d* ) 90 b d i
B (bc-ad)*gi? (arbx)* (ArBLog[* 222 ])
20 b3
8 (bc-ad) g i (a+bx)* (cdx] [A-BLog[“Lp])
15 b?
[be-20) 847 (a-bx)* [a-BLog[=222])"
60 b3
(be-2d) &1 [a-bx)* (c-dx) (A-BLog[*=2])*
15 b2
i 4 2 e(asbx) )2
g3i? (a+bx) <C+dx> (A+BLOg[eca+dXX]) )
6b
B (bc-ad)*g®i? (a+bx)” (3A+B+3BLog[ *L2px ]|
180 b3 d?
B(bc-ad)®g’i? (a+bx) [6A+5B+6BLog[=px]]
180 b3 d?
o be-2d)"g £ Log 3230 ] (oA 118 68Log =202 ])
180 b3 d*

B2 (bc-ad)®g®i?Log[c+dx] B2 (bc-ad)®g?i?Polylog|2, g(iﬁ:f;]

20 b3 d* 30 b3 d*

Result (type 4, 4173 leaves):
1
360 b3 d*

84a°bB2cd®+12a°B?d®-12Ab®Bc®dx+8b°B>c°dx+72aAb’Bc*d>x-54ab’>B%c*d?x-
180 a2 Ab*Bc3d®x+154a’b*B2c3d3x +360aA2b> c?d*x+60a>Ab3Bc?2d*x -

19423 b3 B? c?d*x+72a*Ab?Bcd® x+102a*b?B2cd°x-12a°AbBd®x-16a°bB2d® x +
6Ab°BCc*d?x2-7b%B2c*d’x?-36aAb°Bccd3x?+46ab°B2c®d3x?+540a2A%b* c2d* x? -
180a2Ab*Bc?d* x> -60a’b*B2c?d*x?+360a>A?b>cd’° x*+204a>Ab>Bcd’ x?+
10a3b°B2cd° x> +6a*Ab?Bd® x> +11a* b’ B2d® x> -4 Ab®Bc3d®x®>+6b°B2c3d3 x>+
360aA2b’>c?d* x> -156aAb°Bc?d* x> +6ab>B?c?d*x>+720a%A?b*cd’> x>+
84a2Ab*Bcd®>x3-30a%b*B?2cd’ x>+120a°A%?b3d® x> +76 a3 Ab>Bd® x> +

18a3b3B2d® x3 +90 A% b® c2d*x* -42Ab°Bc?d*x* + 6 b® B2 c2d*x* + 540 a A2 b> c d® x* -
36aAb’Bcd®x*-12ab’B2cd’®x*+270a% A2 b*d® x* + 78 a2 Ab*Bd® x* + 6 a® b* B2 d® x* +
144 A%2b% cd® x> - 24 Ab®Bcd® x° +216 aA’b> d® x> + 24 aAb°> B d® x° + 6@ A2 b® d® x° -
12ab582c5dLog[§+x] +7232b4B2c4d2L0g[§+x} -180a°b3B2 3 d? Log[§+x] +

g2i? |-12b%B%2c®+84ab>B2c>d-252a2b*B2c*d?>+240ab>B2c3d®*+12a*b2B% c?d* -

60 a* b2 B2 2 d* Log[§+x} +72a°bB%cd® Log[§+x} -12a°B?d° Log[§+x} +



34 | Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~"m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))~n))p.nb

a a a
90a4b282c2d4Log[7+x}2—36a5bB2cd5Log[f+x]2+6a682d6Log[—+x}2+
b b b
c c c
12b°B%c®Log| — +x| -72ab° B2 c®d Log| — + x| + 180 a? b* B2 ¢* d? Log[ — + x] -
d d d
c c c
60a°b®B? > d’ Log[ — + x| -72a*b?B?> c?d* Log| — + x| +12a°bB? c d® Log| — + x| -
d d d
6p2 -6 ¢ 2 5p2 5 ¢ 2 21402 4 42 c 2
6b°B2c®Log[— +x| +36ab>B>c>dLog[—+x| -90a?b*B?>c*d?Log|— + x| +
d d d
c
120a3b382c3d3Log[—+x]2—6a2b4Bzc4d2Log[a+bx}+32a3b3Bzc3d3Log[a+bx}+
d

180 a*Ab?Bc?d*Log[a+bx] +66a*b?B?c?d*Log[a+bx] -72a°AbBcd®Log[a+bx] -
108 a°bB?cd° Log[a+bx] +12a®ABd® Log[a+bx] +16a®°B2d® Log[a+bx] -

a a
180 a* b?B? c> d* Log| — + x| Log[a+bx] +72a°bB? cd® Log[ — + x| Log[a +bx] -
b b
a c
122°B%*d® Log| — + x| Log[a + bx] + 180 a* b B c> d* Log| — + x| Log[a + bx] -
b d

c c
72a°bB?cd® Log[— + x| Log[a+bx] +12a°B2d° Log| — + x| Log[a +bx] -
d d

d b d b
7(a+ X>]+72a5szcd5Log[£+x} Log[i<a+ X) -
-bc+ad d -bc+ad
d b b
7::” Xd)}—12b682c5deog[7e<a+d X>}+
-bc+a c+dx
b b
glarex) <a+d J ] —180a2b482c3d3xLog[i(e (a+d X) +
c+dx c+dx
b b
garex) <a+d X) ] +60a3b382c2d“xLog[7e (a+d X) |+
c+dx c+dX
b b
glarpx <a+d X) } —12a5szd6xLog[7e <a+d X) "
c+dx c+dax
S ) <5Hdbx>]—36ab582c3d3x2Log[7e (a+dbx)}+
c+dx c+dX
e (a+bx) [e(a+bx)

c
180 a* b?B? ¢ d* Log| — + x| Log|
d
c
12a°B%d° Log| — + x| Log|
d
72ab®B? c* d? x Log|
720a° Ab>B c? d* x Log]|
72a*b?B? c d® x Log|
6 b® B? ¢* d? x? Log|

1080 a? Ab* B ¢ d* x? Log]| | - 180 a? b* B2 c? d* x? Log

c+dx c+dx
b
y }+204a3b3B2cd5x2Log[e<a+dX)}+
c+dx c+dXx
e (a+bx) [e(a+bx)

+

b
720a3Ab3Bcd5x2Log[M

6 a* b? B2 d° x? Log | | -4b°82 3 d®x? Log
c+dx c+dx
e <a+bx)

+

b
}-156ab532c2d4x3Log[M}+
c+dx c+dx

b b
glarpx (2 X>]+84a2b482cd5x3Log[7e (2 X)}Jr
c+dx c+dx
b b
elaxax) (2 X>]+76a3b3BZd6X3Log[7e<a+ X)}+

c+dx c+dx

b b
elarbx) X>]—42b682c2d4x4Log[7e (ax X)}+
c+dx c+dx

b b
7e(a+ X)}—36ab582cd5x4Log[7e(a+ X>]+
c+dx c+dx

720 aAb® B c?d* x? Log]|
1440 a® Ab* B c d° X° Log|
240 2> Ab> B d°® x° Log|
180 Ab° B c? d* x* Log|

1080 a Ab° B ¢ d° x* Log|
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b b
540a2Ab4Bd6x4Log[e<a+dX>]+78a2b4BZd5x4Log[e<a+dX)}+
c+ax c+dx
b b
288AbGBCd5X5LOg[y]_24b632cd5X5L0g[e(a+d X>]+
c+dx c+dx
e(a+bx) e(a+bx>
432aAb5Bd6x5Log[7d]+24ab532d6X5L0g[7d]+
c+dx c+dx
b b
129Ab63d6X6L0g[M]+180a4b282c2d4Log[a+bx} Log[e<a+ X)
c+dx c+dx
b b
72a°bB?cd’ Log[a+bx] Log[e(aer)()] +12a®B2d® Log[a + b X] Log[e(a+dx)] .
c+dXx c+dx
b b
36@a3b3BZC2d4XLog[y}z+54ea2b482c2d4x2Log[e(a+d X>]2+
c+dx c+dx
b b
360a3b352cd5x2Log[e<a+dx)}2+360ab532c2d4x3Log[e(a+dx>]2+
c+dx c+dx
b b
720a2b482cd5x3Log[y}z+120a3b382d6x3Log[ie (a+d X) }2+
c+dx c+dx
b b
90b682c2d4x4Log[e(a+dX>]2+540ab582cd5x4Log[e(a+dX>]2+
c+ax c+dx

b b
Sl (a+bx] 2 144 b8 B2 ¢ d° x5 Log[—e (a+bx] ]2+
c+dx c+dx

e(a+bx) e(a+bx)]2+

270 a? b* B? d® x* Log |

|* + 60 bS B2 d° x Log]|
c+dx c+dx

12Ab®Bc®Log[c+dx] -8b8B2c®Log[c+dx] -72aAb°Bc®dLlog[c+dx] +

60ab°B?>c’dLlog[c+dx] +180a2Ab*Bc*d?Log[c+dx] -186a%b*B2c*d? Log[c+dX] -

240a3Ab>Bccd3Log[c+dx] +128a3b>B2c3d® Log[c+dx] +6a*b?B2c?d*Log[c+dx] -

216 a b B2 d° x° Log |

a a
12b°B2 c® Log| — + x| Log[c +dx] +72ab®B?c>d Log|[ — + x| Log[c +dx] -
b b
a a
180 a2 b*B? c*d? Log| — + x| Log[c +dx] +240a°>b>B? ¢ d® Log| — + x| Log[c+dX] +
b b
c c
12b°B% c® Log| — + x| Log[c +dx] -72ab’B*c®dLog|[— + x| Log[c+dx] +
d d

c c
180 a>b*B? c*d? Log| — + x| Log[c +dx] - 2482 b*B? c® d’ Log| — + x| Log[c +dX] +
d d

| 35

b b
12b682c6Log[e(aJr X>]Log[c+dx]—72ab5Bzc5dLog[e<a+ X>}Log[c+dx]+
c+dx c+dx
e (a+bx) e(a+bx)
180 a? b* B? ¢* d? Log| | Loglc+dx] -240a°b®B? c® d’ Log| | Loglc+dx] +
c+dx c+dx
b d b d
125 B2 ¢ Log[ > + x| Log[M},72ab532c5d|_0g[i+x] Log[M .
b bc-ad b bc-ad
b d b d
180 a b* B2 c* & Log [~ + x| Log[u]—240a3b332c3d3Log[3+x} Log[i<c+ X)}+
b bc-ad b bc-ad

d(a+bx)

12b°B2c® (b*c*-6ab?c*d+15a’bcd”-20a° d®) Polylog|2, -
-bc+ad
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b (c+dx)

12a*B*d* (15b*>c®>-6abcd+a”d’) PolylLog|2,
bc-ad

]

Problem 65: Result more than twice size of optimal antiderivative.

2

e(a+bx> 4
_— X

J(angng)z (ci+dix)2 A+BLog|

c+dx

Optimal (type 4, 761 leaves, 15 steps):
B2 (bc-ad)*g?i?x Bz(bc—ad)g'gziz(c+dx)2 Bz(bc—ad)zgziz(cmx)3

10 bz dz 20b d3 ' 30 d3 *
B [bc-ad) g i?Llog[22*] B(bc-ad)’g i (a+bx)® [ArBLlog[==2X])
30b3d3 3@b3d
 (bc-ad)’ghi (a+bx)® (ArBLog[*2px])
15 b3
o (bc-ad)’ g1 (crdx) [ArBLog[ 222 ])
5b d3
09 b aa)'e' s cax? fnosioe 5|
15 d3
08 (bc-ad) g4 (c+dx]* (A BLog[=20x ]|
10d?
[be-29)8 4% (a-bx)” [a-BLog[* 2 ])"
30 b3
(be-2d) 5% (a-bx)° (cdx) [A-BLog[ =22 ])"
10 b2
i 3 2 +b 2
g2i? (a+bx)’ (c+dx) (A+BLog[ﬂcid—XX>—]) )
5b
B(bc-ad)®g?i? (a+bx) (2A+B+2BLog[ﬂc:—b;L])
30 b3 d?
s (b -ad)® g1 Logl 222 | (243820 og 25
30 b3 d3

d (a+bx) ]

5 .
B2 (bc—ad)5g2 i2 Log[c +d x] B2 (bc-ad)”g?i2Polylog|2, b leie
+

10 b3 d3 15 b3 d3

Result (type 4, 3042 leaves):
1

60 b3 d3

g?i2 |4b°B?>c®-24ab*B?c*d+20a’b3B>c*d?+20a3b?B?c?2d*-24a*bB>cd*+4a°B?>d>+4Ab°B
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c*dx-4b°B>c*dx-20aAb*Bcd?’x+22ab*B>c®d?’x+60a%A’b>c?d®x-36a%b>B2c?d®x+
20a°Ab?Bcd*x+22a*b?B?cd*x-4a*AbBd>x-4a*bB>d°>x-2Ab°Bc3d?x*+
3b°B2c3d?x?+60aA’b*c?d®x?-30aAb*Bc?d3x?-3ab*B2c?d® x> +60a2A2b3cd*x?+
30a2Ab3Bcd*x?-3a%b3B2cd*x*+2a3Ab?Bd°x?+3a>b2B2d’> x> +20A%b° c2d3x3 -
12Ab°Bc?d®x3+2b°B2c?d> x> +80aA?b*cd*x*-4ab*B2cd*x3+20a2A2b3d® x> +
12a2Ab3Bd°x3+2a2b3B2d° x> +30A’b° cd*x* -6Ab°Bcd*x*+30aA?b*d°x* +6aAb*Bd® x* +
12A2b5d5x5+4ab482c4dLog{§+x] —20a2b382c3d2Log[§+x] +26a4szcd4Log[§+x] -

a a a
42582 d° Log[ > +x] +20a*b? B2 c2d’ Log[ > + x| - 10a*bB2 c d* Log[ = + x|+
b b b
5 R2 45 a 2 5 R2 5 c 4p2 4 ¢
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Problem 66: Result more than twice size of optimal antiderivative.

2

e(a+bx) i
B X

J(angng) (ci+dix)2 A+BLog|

c+dx

Optimal (type 4, 589 leaves, 14 steps):
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c+dx c+dx
e(a+bx)
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Problem 67: Result more than twice size of optimal antiderivative.
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Problem 68: Result more than twice size of optimal antiderivative.
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Problem 69: Result more than twice size of optimal antiderivative.
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(Logla+bx] —Log[c+dx1)) —2Log[g+x}
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Problem 70: Result more than twice size of optimal antiderivative.

J(ci+dix)2 (A+BLog[—(—)—eca:deX ])2

(ag+bgx)?

dx

Optimal (type 4, 387 leaves, 10 steps):

2B2di2 (c+dx) B?i? (c+dx)? 2Bdi? (c+dx) (A+B|-Og[e_(a+—bx)‘”

c+d x
b2 g3 (a+bx) 4bg? <a+bx)2 b2 g3 (a+bx>
B i2 (c+dx)2 (A+BLog{4—)—ei;bxx H di? (c+dx) (A+BLog[—(—)—ec:bxX ])2
2bg3 (a+bx)2 ) b>g® (a+bx)
12 (¢ dx)? (A+BLOg[eC(:beL})2 d2 i2 (A+|3|_og[4—Le c:bxx })ZLog[l— J—Lz(:gi)]
- +
2bg® (a+bx)? b3 g*
2Bd?i2 (A+B Log [ &LaexL ]) Polylog 2, Stesdx. (:E; | 2B2d?i2Polylog|3, Bledx (:‘;; ]
b3g3 " b3g3

Result (type 4, 3601 leaves):
A? (b?c?-2abcd+a?d?*) i? 2 (-A’bcdi’?+aA’d?i?) A2d?i?log[a+bx]
N

- +

2b%g? (a+bx)? b g* (a+bx) b* g




50 | Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~"m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))~n))p.nb

(Bzczi2 (bzc2—8abcd+7a2d2—6b2cdx+6abd2x—6d2 (a+bx)2Log[a+bx] +

b
2(bc-ad) (bc-3ad-2bdx) Log[m} +2b (c+dx) (bc-2ad-bdx)

c+dx

e<a+bx) 2

Log +6a Log[c+dx] +12a xLog[c+dx] +6 X“ Log[c +dXx]
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Problem 74: Result more than twice size of optimal antiderivative.
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Problem 75: Result more than twice size of optimal antiderivative.
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Problem 79: Result more than twice size of optimal antiderivative.
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Problem 80: Result more than twice size of optimal antiderivative.
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dx

Optimal (type 4, 604 leaves, 13 steps):
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Problem 81: Result more than twice size of optimal antiderivative.
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b b
a a
36ab?B>c’dLlog[— +x| Log[c+dx] +72a’AbBcd?Log|— +x| Log[c+dx] -
b b
a a
243> ABd® Log| — + x| Log[c+dx]—12b3B2c3Log[—+x]2Log[c+dx]+
b b
2p2 .2 a 2 21 R2 - 42 a 2
36ab?B*c’dLlog[—+x| Loglc+dx] -36a’bB?cd?Log[—+x] Log[c+dx] +
b b
a c
12a°B2d Log| > + x| Log[c+dx] - 24 Ab*B c? Log |~ + x| Log[c +dX] -
b d
c c
20b>B? c® Log| — + x| Log[c+dx] +72aAb?Bc?dLog[— + x| Log[c+dx] +
d d
c c
36ab?B>c’dLog[— + x| Log[c+dx] -72a?AbBcd?Log|— +x| Log[c+dx] +
d d
c a c
24a*ABd’ Log|— +x] Log[c +dx] +24b° B2 c® Log| — + x| Log[— + x| Log[c+dx] -
d b d
a c
72ab?B?c*d Log|— + x| Log[— + x| Log[c+dx] +
b d
2 p2 42 a c
72a“bB°cd Log[7+x] Log[7+x} Log[c+dx] -
b d
a c c 2
24 a* B2 d® Log| — + x| Log[ — + x| Log[c+dx] -12b>B?c® Log[ — + x| Log[c+dx] +
b d d

c c
36ab282c2dLog[—+x]2Log[c+dx] —36a2bB2cd2Log[—+x]2Log[c+dx] +
d d

b
12 a3 B? d3 Log[§+x}2Log[c+dx} -24Ab3BC3 Log[e (a+bx) | Loglc+dx] -

c+dx

e (a+bx) e (a+bx)

20b* B2 3 Log| | Loglc+dx] +72aAb?Bc?dLog|

c+dx c+dx
e(a+bx) e(a+bx)

| Log[c+dx] +

36ab?B*c’d Log| | Log[c+dx] -72a%AbBcd?Log|

c+dx c+dx
e(a+bx) e(a+bx)

} Log[c+dx] +

a
| Loglc+dx] +24b®B? c3 Log| — + x| Log|
c+dx b c+dx

e (a+bx)

24a°ABd° Log| | Loglc+dx] -

72ab232c2dLog[§+x] Log| ] Loglc+dx] +72a2b82cd2Log[§+x]

c+dx
b

Log[M} Log[c +dx] - 24 a® B2 ¢ Log[i+X] Log|

c+dx b c+dx

e (a+bx)

b
e (arbx) | Log[c+dx] -

24 b3 B2 3 Log[£+x} Log | | Loglc+dx] +72ab?B? chLog[Eer}
d c+dx d
) )

e(a+bx e(a+bx

Log[ ———"] Log[c+dx] -72a’bB? cd? Log[£+x} Log |
c+dx d c+dx

e (a+bx) e (a+bx]

| Loglc+dx] +

2
| Loglc+dx] -12b*B? ¢ Log| | Loglc+dx] +

c+dx c+dx
e (a+bx)

24 a° B2 d° Log[§+x} Log |

b
M]ng[cmx]—36a2szcd2Log[ ]ZLog[c+dx]+

36ab?B*c’dLog|
c+dx c+dx
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b b d
e lar X>]2ug[c+dx]—24Ab3Bc3Log[i+x]Log[—ii:—il]—

c+dx b bc-ad

b d b d
u} +72aAbZBc2dLog[i+x] Log[M] +
bc-ad b bc-ad

b d b d
b<c+ X)}772a2AbBcd2Log[i+x} Log[i(CJr x)
c-ad b bc-ad

b d b d
M} +24a°ABd3 Log[3+x} Log[M} +
bc-ad b bc-ad

b d b d
blexdx) X)}+12b332c3Log[3+x}2Log[7(c+ X>]f
bc-ad b bc-ad

b {c+d b (c+d
M] +3632bB2Cd2LOg[i+X}2Log[M
bc-ad b bc-ad
b d b d
u] ~24b°87 ¢ Log [+ x] Log[ = +X] Log[M} v
bc-ad b d bc-ad
b d

72ab282c2dLog[i+x] Log[£+x} Log[u _
b d bc-ad

12 a*B? d° Log|
44 b3 B2 3 Log[§+x} Log |

132 ab?B? czdLog[ier} Log |

],
132a%2bB? c d? Log[§+x} Log |
44 2% B* d* Log[§+x} Log |

36ab? BzczdLog{§+x]2Log[

]_

12a° B2 d° Log[§+x}2Log[

b d
72 a> b B? ¢ d? Log[ier] Log[£+x} Log[M} +
b d bc-ad

b d
%]—24b382c3mg[§+x] Log| ax
- +

b d b b d
b<c+ X)}+72ab282c2dLog[i+x] Log[e(aJr X)]Log[i(c+ X>]—
c-ad b c+dx bc-ad
e (a+bx) b (c+dx)
S LR A

b
24a3BZd3Log[§+x} Log[§+x] Log | e (a+bx)

Log[

| Log
c+dx bc-ad
b (c+dx
mg[ (+ >]—
c+dx bc-ad

e (a+bx)

72 a2 b B? ¢ d? Log{§+x] Log|

b
24 a3 B? d3 Log[%+x} Log[e (a+bx)

3 c d<a+bx>
4B (bc-ad)’ |6A+11B+6BLog|— +x| +6BLog| | | polyLog[2, ——=] -
d c+dx -bc+ad

b(c+dx)]+
d(a+bx)

bc-ad
" y | -72ab?B?c?dPolyLog|3, ﬁ} +
-bc+a -bc+a
d b d b
M] - 24282 d® Polylog 3, dlarbx),,
-bc+ad -bc+ad

b d b d
b(c+ :> | -72ab?B? c?dPolylog|3, b<c . :)
c-a c-a

b d b d
blerdx) | - 24a%B%d*Polylog|3, blerdx)
bc-ad bc-ad

2482 (bc-ad)’ Log[i + x| PolyLog|2,
24 b*B? ¢ Polylog|3, M
72a%bB? c d? PolyLog|3,
24 b* B2 3 Polylog|3,

]+

72a%bB? c d? PolyLog|3,

Problem 85: Result more than twice size of optimal antiderivative.
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c+d x

J(ag+ng)2 (A+BLog[M])2
dx

ci+dix

Optimal (type 4, 536 leaves, 15 steps):
B(bc-ad)g?(a+bx| (A+BLog[4—Le a:bx })

c+d x
d?i
48 (bc-ad)gLog[ "TiT ] (A-BLog[* 20X ]
d3i
2 (bC*ad) gZ (a+bX> (AJrBLOg[gCaJr;—beL})ZerZgZ (CerX)z (AJrBLog[eca;:jbxx })2
d?i 2d31i
_ + 2
(bc—ad)zgzLog[ﬁ} (A+BLog[5ca+d—bXXL]) +Bz (bc,ad>2g2Log[c+dx} .
i di
B(bc-ad)’g? (A+BLog[eiax ]| Log[1 - 2ot ] 7432 (bc-ad)”gPolylog[2, |2 ] )
d3i d3i
26 (bc-ad)?g? (A~ B Log %2 || polylog[2, H2bx ]
di
B2 (bc-ad)?g?Polylog|2, lﬁ%ﬂ ) 2B% (bc-ad)?g?Polylog|3, ﬂ(iﬁzg]
dSi dsi

Result (type 4, 2562 leaves):

g’ |-12A%bd (bc-2ad) x+6A*b>d* x* + 12 A (bcfad)zLog[Cerx} +
12d%1i

12AB

c c
-2b*c?+2abcd-b2cdx+abd?x+2b?c?Log|— +X] —bzchog[7+x]2—
d d

e (a+bx) [e(a+bx)

a’d’Log[a+bx] -2b%*cdxLog| | +b?d?x? Log
c+dx c+dx

e (a+bx)

| +b2c? Log[c+dx] +

2b2c2Log[§+x] Log[c+dx] +2b%c? Log]| | Loglc+dx] —2bcLog[§+x]

c+dx
b (c+dx)
bc-ad

d(a+bx)
ad+bcloglc+dx] -bclog| bl St

]

+2b? c? Polylog|2,

-bc+ad

e (a+bx)

12 a’ABd? Log[c+dx] -

]

c 2
Log[7+x] +2
d

Log[§+x] —Log[§+x] —Log[

c+dx

1]]-

—1+Log[§+x]) -

b(c+dx) d(a+bx)
7] +PolyLog[2, _
bc-ad -bc+ad

2

Log[§+x} Log |

a
24aABd [—Zd (a+bx) (—1+Log[g+x}) +2b (c+dXx)

e (a+bx)

bcLog[§+x]2+2b (dx-cloglc+dx]) +

a C
Log[= +x] - Log|[—+x] -L
Og[b+X} Og[d +X} Og[

c+dx
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a b (c+dx) d(a+bx)
2bc Log[7+x] Log[7]+PolyLog[2, 7} J+

b bc-ad -bc+ad

d b
4 a2 B? d? (Log[c+x}3+3Log[c+x]2 —Log[i+x]+Log[M +
d d b -bc+ad
b 2
3 7Log[i+x]+Log[£+x]+Log[m} Log[c+dx] +
b d c+dx
b d d b
3Log[i+x]2Log[M}+6Log[i+x} PolyLog|2, M +
b bc-ad b -bc+ad
b
3 Log[ier}fLog[Eer}fLog[M
b d c+dx
b d d b
Log[5+x]2—2 Log[i+x] Log[u]JrPolyLog[z, M} +6Log[£+x]
d b bc-ad -bc+ad d
b d d b b d
Polylog|2, M] - 6 Polylog|3, M] - 6 Polylog|3, M] +
bc-ad -bc+ad bc-ad
8aB?d [3d (a+bXx) 2—2Log[§+x}+Log[§+x}2 —bcLog[§+x}3+
3b (c+dx) 2—2Log[§+x}+Log[§+x}2 +
b 2

3b 7Log[i+x]+Log[£+x]+Log[M (dx-clog[c+dx]) -

b d c+dx

6 (ad+2bdxbdeog{c+x} -bclog[c+dx] +
d

b d
Log[ier} (d (a+bx) +d (a+bx) Log[£+x} + (bc—ad) Log[u N
b d bc-ad
d b b
(bc-ad) PolyLog|2, M] +3 Log[i+x]_|_og[£+x]_|_og[m
-bc+ad b d c+dx

[2d(a+bx) 71+Log[§+x] +2b (c+dx) —1+Log[§+x} —bcLog[§+x}2+
b d d b
2bc Log[i+x} Log[M}JrPolyLog[z’ M] J
b bc-ad -bc+ad
b d d b
sbc [tog[ 2+ x)” Lo =S 211 L2 Log 2 . x] porytog[2, 122X
b bc-ad b -bc+ad
d b d b
2 Polylog3, dfarbx) +3bc (Log[5+x}2 Log[ 2+ x] ,Log[M J
“bc+ad d b “bc+ad
b d b d
2L0g[£+x} PolyLog|2, M} +2Polylog|3, M] ]_
d bc-ad bc-ad

Bz(lzbcd(a+bx) +3d* (a+bx)

2—2Log[§+x] +Log[§+x]2

(7a—bx+ (-6a+2bx) Log[§+x] +2 (a-bx) Log[s+x]2) -
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+

4b2c2Log[§+x]3+12b2c (c+dx)

c c 2
2—2Log[7+x} +Log[7+x}
d d

3b% (c+dX) (7c—dx+ (-6c+2dx) Log[§+x] +2 (c-dx) Log[§+x]2) -

b 2
6 b? fLog[ier} +Log[£+x} +Log[M (dx (-2c+dx) +2c’Log[c+dx]) +
b d c+dx
b
6 (Log[aer} —Log[Eer} —Log[m]
b d c+dx

—4bcd(a+bx) +4b2c<c+dx)

—1+Log[§+x}

—1+L0g[§+x}

2b2c2Log[§+x}2+d2 (bx (2a-bx) +2b2x2Log[§+x} —2a2Log[a+bx]) +

b? dx(72c+dx)72d2x2Log[§+x}+2c2Log[c+dx} +
b d d b
4 b? c? Log[i+x] Log[M]JrPolyLog[z, M} ]—
b bc-ad -bc+ad
b d d b
12 b2 ¢? Log[i+x]2Log[M}+2Log[i+x} PolyLog[z, M _
b bc-ad b -bc+ad
d b
2 Polylog|3, M -6|2abcd+3b%2cdx+3abd?®x-b2d?x?-
-bc+ad

c c
2abd?xLog|— +x]| +b?d*x? Log| — + x| -a*d?* Log[a+bx] -b*c?Log[c+dx] -2abc
d d

a
dloglc+dx] 7Log[g+x]

bd (2ac+bx (2c-dx])-2d* (a>-b*x?) Log[§+x} +

b d d b
(-2b*c*+2a*d?) Log[M] +2 (b*c? - a® d?) Polylog|2, M +
bc-ad -bc+ad
c a
4bc[ad+2bdx—bdeog[E+x}—bcLog[c+dx]+Log[;+x]
b d
~d (a+bx) +d (a+bx] Log[£+x]+<bc—ad) Log[u} +(bc-ad)
d bc-ad
d b d b
PolyLog|2, (aJrX)}]szc2 Log[Eer]2 Log[i+x}—Log[M
-bc+ad d b -bc+ad
b d b d
2Log[£+x] PolyLog[Z, M] +2PolyLog[3, M} JJ]
d bc-ad bc-ad

Problem 86: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[gM”2

c+d X

dx
ci+dix

Optimal (type 4, 283 leaves, 9 steps):
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2B (bc—ad) gLog{M} (AJrBLOg[uaH_bXLH g (a+bx) (A+BLog[e(a*bX)])2

b (c+dx) c+d X c+d X

+ +
d?i di
(bc—ad)gLog[ﬁ} (A+BLog{5$)—”2 2B% (bc-ad) gPolylog|2, %]
d?i : d?i :
2B (bc-ad)g (A+BLog[gc‘:—b:)—}) PolylLog|2, fﬁ%ﬁ—] ) 28% (bc-ad) gPolyLog|3, %]
d?i d?i
Result (type 4, 1209 leaves):
g [3A’bdx-3A% (bc-ad) Log[c+dx] -
3d2i
c 2 a c e (a+bx)
3aABd |Log[—+x]| +2 |Log|[—+x]| -Log|[—+x]| -Log[———"]| Log[c+dx] -
d b d c+dx
b d d b
2 (Log[ier} Log[M] + PolyLog|2, M] ]
b bc-ad -bc+ad
3AB |-2d (a+bX) (—1+Log[§+x]] +2b (c+dXx) [—1+Log[§+x]) —bcLog[§+x]2+
a c e (a+bx)
2b |Log[— + x| -Log|[~ +x] - Log[———"]| (dx-clog[c+dx]) +
b d c+dx
b d d b
2bc Log[i+x] Log[M]+PolyLog[2, M}J]Jr
b bc-ad -bc+ad
d b
aB%d Log[£+x]3+3Log[£+x]2 —Log[i+x]+Log[M +
d d b -bc+ad
b 2
3 —Log[i+x]+Log[£+x]+Log[M} Log[c+dx] +
b d c+dx
b d d b
3Log[i+x]2Log[u}+6Log[i+x} PolyLog[Z, M +
b bc-ad b -bc+ad
b
3 Log[i+x}—Log[£+x}—Log[M
b d c+dx
b d d b
Log[5+x]2—2 Log[i+x] Log[i<C+ X>]+PolyLog[2, 7<a+ X)}JJJrsLOg[c*X]
d b bc-ad -bc+ad d
b d d b b d
PolyLog|2, M] - 6Polylog|3, M] -6 Polylog|3, M] +
bc-ad -bc+ad bc-ad

B? (Bd (a+bx) [2—2Log[§+x] +Log[§+x]2) —bcLog[§+x]3+3b (c+dx)

e (a+bx) 2

C C 2
(2—2Log[3+x} +Log[g+x} +3b

—Log[§+x] +Log[§+x] +Log[

c+dx

(dx-clog[c+dx]) -6 [ad+2bdx—bdeog[C+x] -bclog[c+dx] +
d
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b d
Log[3+x} (d(a+bx)+d(a+bx) Log[£+x}+(bc7ad> Log[M N
b d bc-ad
d b b
(bc-ad) PolyLog|2, M] +3 Log[i+x]—Log[£+x]_Log[e(a+ x)
-bc+ad b d c+dx
[2d(a+bx> —1+Log[§+x] +2b (c+dx) —1+Log[§+x})fbcLog[ier}ZJr
b d d b
2bc Log[i+x} Log[u}wolymg[z’ M] J
b bc-ad -bc+ad
b d d b
s [Log[ 2 +x] Log[ = < 9] 2 10g 2 ] patytog]2, 41224
b bc-ad b -bc+ad
dla+b d(a+b
2PolyLog[3, M +3bc (LOg[EJrX}Z Log[i+x] 7Log[M )
-bc+ad d b -bc+ad
b d b d
2L08[£+x} PolyLog|2, M} +2Polylog|3, M] ]]
d bc-ad bc-ad

Problem 87: Result more than twice size of optimal antiderivative.

J(A+BLog[u§1—bxxL])z

ci+dix

dx

Optimal (type 4, 127 leaves, 4 steps):

Log[[22%] (A+BLog[ =222 ]}
di
28 (A8 Log =22 rolylog[2, 28] 28 polylog[3, L2t
di di

Result (type 4, 458 leaves):




Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))~n))p.nb | 93

1
3di
2 C 2 a C e(a+bx)
3A°Log[c+dx] -3AB Log[—+x] +2 Log[—+x]—Log[—+x]—Log[—] Log[c+dx] -
d b d c+dx
b d d b
2 Log[i+x] Log[M]+PolyLog{2, M} ]+
b bc-ad -bc+ad
d b
B2 Log[£+x]3+3Log[£+x}2 —Log[i+x}+Log[M +
d d b -bc+ad
b 2
3 7Log[i+x}+Log[£+x}+Log[M] Logl[c+dx] +
b d c+dx
b d d b
3Log[i+x}2Log[M] +6Log[i+x] PolyLog|2, M] +
b bc-ad b -bc+ad
b
3 Log[i+x]—Log[£+x]—Log[M
b d c+dx
b d d b
(Log[£+x}22 (Log[Eer} Log[M} + PolyLog|2, M +6Log[£+x}
d b bc-ad -bc+ad d
b d d b b d
PolyLog|2, M] -6 Polylog|3, M] - 6Polylog|3, M] ]
bc-ad -bc+ad bc-ad

Problem 92: Result more than twice size of optimal antiderivative.

c+d X

J(ag+ng)3 (A+BLog[e—(ﬂ)—])2
dx

(ci+dix)?

Optimal (type 4, 722 leaves, 18 steps):
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2AB(bc—ad)2g3 (a+bx) 2B2(bc—ad>2g3 (a+bx)

d>i? (c+dx) d>i? (c+dx)
2 B2 (bcfad)2g3 (a+bx) Log[ﬂj*d—t;xl] 7bB(bc7ad)g3 (a+bx) (A+BLog[4—Lec"i;bXX ]) i
d3 iz (c+dx) d3 12
668 (bc-ad)”g Log[ =20 ] (A+BLog[* 22X ]|
d4iz -
3b(bc-ad)g? (a+bx) (A+BLog{e_(:++d_bXX)_”2
d3j_2
(bc-ad)?g® (a+bx) A+BLo,g[‘*—‘i*d—bx"ﬂ)2+b3g3 (C+dx)2(A+BLog[—‘—Hi;"XX })2
& 12 (c+dx) 2d*i?
— + 2
3b(bc-ad)®g’Log| 22| (A+BLog[ =22 |7 g2 (hc ad)?g?Loglcdx]
d* i2 ' d*i?
o8 (bc-2d)?g [A+BLog[ 22| Log[1- B8] 6b8* (bc-ad) ¢ polylog[2, S
d4j_2 B d4iz )
6bB (bc-ad)’g? (A+BLog[gc%L])Poly|—°g[2’ ﬁ%ﬂ
d4i2 -
bBZ (bc—ad>283 POlyLOg[Z, Z_E%i_} 6bB2 (bc_ad>2g3 PolyLog[3) :(:izi)]
dAiZ d4i2

Result (type 4, 4743 leaves):
A?b? (2bc-3ad) g®x A2b3gix? A?b3c3gi-3aA2b2c2dgd+3a’A’bcd?gd-adA2ddgl
- + +

d?i? 24d?i? d*i? (c+dx) '
a®B2g® (a+bx) (2—2Log[—(—)—e C:bxx | + Log [ &ta=bx c:bxx ]2)

+

(bc-ad)i? (c+dx)
3 (A?b3c?g’-2aA’b>cdg®+a’A?bd’g?) Log[c+dx]

d*i?

+

c C c 2

1 (E+X) (Log[5+x}+Log[3+x] )

?233A3g3 N . +
(c+dx) Log[E+x]
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d/?x}
d (%er) Log{—+xw . LOg{L e ]
ad al,x 7C+ﬂ
R voslg e vo[S e togl 25 251 |
d d(c+dx)
a _ a < _ c
iZAb3Bg3 72c (b+x) ( 1+Log[b+x]) +2c (d+x) ( 1+Log[d+x” 7
iZ d3 d3
3cilog[gex]” ¢ [1+Llog[fex]] -3 [-fre e AR 4 2l Log[ ]
2d* d* (c+dx) d2
3 L°gP*Xw bloglatbx] . blog[c+dx]
‘ (‘”“h‘“) T d(bead) d<—bc+ad>] ’id (725 *i*ﬂg}fLM) +§x2 Log [ <% ]
d3 B d2
3 a c
(4cdx+d2x2+ +6c’Lloglc+dx]| |-Log[— +x] +Log[—+x] +
2d4 c+dx b d
ve  bex | 3 [108[3x] tog[ ] polytog[2, iz
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Problem 93: Result more than twice size of optimal antiderivative.
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Problem 100: Result more than twice size of optimal antiderivative.
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d b b d
2b (c+dx) Log[5+x] Log[M]+PolyLog[2, blerdx) X)}]]]J/
d -bc+ad bc-ad
d<a+bx)
4d* (bc-ad)? (c+dx)? Log| < +x]” [Log[2 ~Log| ——-
( (bc-ad)® (c+dx) )+2d3 Og[dJrX} og[b+x] og[7bc+ad

b (c+dx) b (c+dx)
7} +2 PolyLog[B, _
bc-ad bc-ad

]

2Llog [i + x| Polylog|2,

|

Problem 113: Result more than twice size of optimal antiderivative.

J‘(cierix) (A+BLog[e (%)n])

(ag+ng)2

dx

Optimal (type 4, 150 leaves, 5 steps):
A+BLogle [22x]"])

Bin(c+dx) i(c+dx>

_ _ c+d X B
bg? (a+bx) bg? (a+bx)
di (A+BLog[e (%)n]) Log[1- 4—)—3 (::‘;z)} BdinPolylog|2, —(—)—Z (::Z; ]
b2g2 * b2g2

Result (type 4, 403 leaves):
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+b n +b
1 . 72(bc—ad) (A+BLog[e(ﬁ) }—BnLog[ﬁ])
2 b? g? a+bx
a+bx)n a+bx
2dLlog[a+bx] |[A+BLog|e | -BnLog| || -|2bBcn
c+dx c+dx
d b
[d (a+bx) Log[5+x] +d (a+bx) Log[M] +(bc-ad) [1+Log[a+bx
d -bc+ad c+dx
2a(1+Llog|?+x
((bc-ad) (a+bx)) +Bdn |Log[ > +x]"+ | 2] .
a+bx
a [ a+bx
2( +Logla+bx]| [-Log[~+x] +Log[~ +x] +Log| 1+
a+bx b d c+dx
c
(2a[(—bc+ad) Log[g+x]+d(a+bx) (Log[a+bx]—Log[c+dx]))J/
d b b d
((bc-ad) (a+bx)) -2 Log[£+x] Log[M]+PolyLog[2, blcrdx]
d -bc+ad bc-ad

Problem 114: Result more than twice size of optimal antiderivative.

J(ci+dix) (A+BLog[e (ﬁ)n])
(

ag+ng)3

dx

Optimal (type 3, 89leaves, 2 steps):

Bin (c+dx)? i(c+dx)2(A+BLog[e(M)n])

c+d X

4(bc-ad)g®(a+bx)? 2 (bc-ad)g®(a+bx)?
Result (type 3, 216 leaves):
[i (—2Ab2c2+2a2Ad2—b2Bc2n+a2Bd2n—4Ab2cdx+
4aAbd’x-2b*Bcdnx+2abBd?’nx-2Bd?n (a+bx)*Logla+bx] -

n

| +2a’Bd*nloglc+dx] +

)/ (4b2 (bc-ad) g’ (a+bx)2)

a+bx

2B (bc-ad) (bc+ad+2bdx) Log[e(

c+dx

4abBd’nxLlog[c+dx] +2b2>Bd?’nx?Log[c+dXx]

Problem 121: Result more than twice size of optimal antiderivative.

J\(cierix)2 (A+BLog[e (%)HH

dx
ag+bgx

Optimal (type 4, 289 leaves, 10 steps):

|/
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Bd (bc-ad)i2nx d(bc-ad)i?(a+bx] (A+BLlogle(22%)"]]

c+d x

_ 2078 + b e *
i2 <c+dx)2(A+BLog[e($)n]) B(bcfad)ziZnLog[ﬁ]
2bg ) 2b’g _
3B (bc-ad)?*i?nLog[c+dXx] (bc-ad)”i? (A+BLog[e (:iZi)n” LOg{lfﬁ
2b3g l b*g +
B (bc-ad)?i2nPolyLlog|2, Zﬁﬁﬂ
b3g

Result (type 4, 651 leaves):
1

2b3g

i2 [4b?Bc?n-6abBcdn+2a’Bd’n+4Ab’cdx-2aAbd*x-b?Bcdnx+abBd’nx+AbZ2d?x?+

B (bcfad)znLog[§+x]274b2Bc2nLog[§+x] +2abBcdnLog[§+x] +

2Ab%c?logla+bx] -4aAbcdlog[a+bx] +2a?Ad?Log[a+bx] -
c

a’Bd’nlogla+bx] +2b?Bc*nlog|— +x]| Log[a+bx] -
d

c c
4abBcdnlog[— +x]| Log[a+bx]+2a*Bd*nlLog|— +x| Log[a+bx] -
d d

ZBnLog[§+x] (ad (-2bc+ad) + (bc—ad)ZLog[a+bx]) -

d b d b
ZbZBcanog[E+x] Log[M]+4abBcdnLog[£+x] Log[M -
d -bc+ad d -bc+ad
d b
2a2Bd2nLog[£+x] Log[M]+4szcdeog[e arbx n]72ade2x
d -bc+ad c+dx
Log[e a+bx n]erZdeszog[e arbx n]+2szc2Log[a+bx] Log[e a+bx n}f
c+dx c+dx c+dx
a+bx)\n a+bx)\n
4abBcdLlogla+bx] Log|e | +2a’Bd?Log[a+bx] Log|e |+
c+dx c+dx

b(C+dX)

b’Bc?nlog[c+dx] -2B (bc—ad)znPolyLog[z,
bc-ad

]

Problem 122: Result more than twice size of optimal antiderivative.

J\(cierix)2 (A+BLog[e (%)n”

(ag+ng)2

dx

Optimal (type 4, 259 leaves, 8 steps):
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B (bc-ad)i2n (c+dx) d?i? (a+bx) (A+BLog[e<M)nH

_ N c+d x _
b>g? (a+bx) b g2
(bc-ad)i? (c+dx) (A+BLog[e(%)n]) L (bc-ad)i2nLoglc+dx] 7
bZg? (a+bx) b3 g2
2d (bc-ad) i? (A+BLog[e($)nHLog[l—z—éﬁi—] 2Bd (bc-ad) i?nPolylog|2, Z—Eﬁ]
b3g2 N b3g2
Result (type 4, 712leaves):
! i% |bd?x A+BLog[e(a+bX n}—BnLog[a”jX _
b3 g2 c+dx c+dx
(bc—ad)z(AJrBLog[e(%) ] - BnLog[a*bﬁ) )
a+bx
2d (bc-ad) Log[a+bx] |A+Blog|e a+bx n}—BnLog[aerX] —[szczn
c+dx c+dx
d b
(d(a+bx) Log[5+x]+d(a+bx) Log[M}Jr(bcfad) [1+L0g[a+bx ]/
d -bc+ad c+dx
2a(1+Log|2+x
((bc-ad) (a+bx)) +bBcdn Log[i+x]2+ ( [b })
b a+bx
a [ a+bx
2( +Llogla+bx]| [-Log[~+x] +Log[~ +x] +Log| 1+
a+bx b d c+dx

(2a [(—bc+ad) Log[g+x] +d (a+bx) (Logla+bXx] —Log[c+dx])))/

d b b d
((bc-ad) (a+bx)) -2 Log[£+x] LOg[M]‘FPOlyLOg[Z, g _
d -bc+ad bc-ad
a? 1+Log 24 x
den[(a+bx) —1+Log[i+x] +a|_og[i+x}2+ ( [b ])+
b b a+bx
c c
b(—+x —1+Log[—+x})—
d d
a c a+bx
(bx— -2alogla+bx]| |-Log[~+x] +Log[~ +x] +Log| RE
a+bx b d c+dx
) c
(a ( -bc+ad) Log[g+x]+d(a+bx) (Log[a+bx]—Log[c+dx1)) /

((bc-ad) (a+bx))-2a M

b d
Log[§+x] Log[ ] +PolyLog[2, M J

-bc+ad bc-ad

|
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Problem 123: Result more than twice size of optimal antiderivative.

J‘(ci+dix>2 (A+BLog[e (%)n})

(ag+ng)3

dx

Optimal (type 4, 242 leaves, 7 steps):

Bdi?n (c+dx) Bi2n(c+dx)?

b2 g* (a+bx) 4bg? (a+bx)?

di? (c+dx) (A+BLog[e (M)“]) ) i?2 (c+dx)? (A+BLog[e (m)”])

c+d x c+d x
b>g® (a+bx) 2bg? (a+bx)?
d? i2 (A+B Log|e (ﬁ)n]) Log[1 - 4—)—2 (:gi) | Bd2i2nPolylog|2, 4—)—2 (::i) ]
b3 gB " b3 g3

Result (type 4, 903 leaves):
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1
4p3 g3
i? —[ bZBczn[b2 2-4abcd+a’d’-2b’cdx-2abd?’x-2b2d*x?+2d? (a+bx)?Log[~ +x] -
d
d(a+bx a+bx
2d? (a+bx)2Log[¥]+2b2c2Log[ : -
-bc+ad c+dx

a+bx
]

/((bc—ad)2 (a+bx)2)

a+bx 2 42
4abcdLlog| | +2a*d? Log]|
c+dx c+dx

a+b x

2 (bc-ad)? (A+BLog[e (ﬁ)n} _BnLog{m])
N

<a+bx>2

8d (-bc+ad) (A+BLog[e (%)n] —BnLog[ﬁ])

a+bx
N a+bx\" a+bx
4d*Logla+bx] |A+BlLog[e | -BnLog| -
c+dx c+dx
1
2bBcdn(3ab2c274a2bcd+a3d2+4b3c2x76abzcdx+2a2bd2xf

(bc—ad)2 (a+bx)2
a+bx

2d (-2bc+ad) (a+bx)2Log[a+bx] +2 (bc—ad)2 (a+2bx) Log|
c+dx

4a’bcdlog[c+dx] +2ad?Log[c+dx] -8ab?cdxLlog[c+dx] +

+

4a’bd?’xLlog[c+dx] -4b3cdx?Log[c+dx] +2ab?d?x?Log|[c+dx]

8a (l+Llog|?+x a2 (1+2Llog|2+x
Bd?n 2Log[i+x]2+ ( [b })— ( [b ])+
b a+bx <a+bx)2
a(3a+4bx) a c a+bx
2| —— +2Llog[a+bx] (—Log[7+x]+Log[7+x]+Log[ +
(a+bx)2 b d c+dx
c
(8a[(—bc+ad) Log[g+x]+d(a+bx) (Log[a+bx] - Log[c+dx]) )/
((bc-ad) (a+bx)) + ! 2a? Log[£+x]+;
(a+bx)2 d (bc—ad)2
d(a+bx) (bc-ad+d(a+bx) Log[a+bx]-d(a+bx)Log[c+dx])|-
d b b d
4 Log[Eer} Log[M]JrPolyLog[z, M ]
d -bc+ad bc-ad

Problem 124: Result more than twice size of optimal antiderivative.

=)

ci+dix)? (A+BLogle
J c+d X

(ag+bgx)*

dx
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Optimal (type 3, 93 leaves, 2 steps):

Bi’n (c+dx)? i2 (c+dx)3(A+BLog[e($)n”
9(bc-ad) g (a+bx)’ 3(bc-ad)gt(a+bx)’

Result (type 3, 329 leaves):
1

9b* (bc-ad) g (a+bx)3

i2[-3Ab3c3+3a3Ad3-b3BcPn+a?Bd®n-9Ab>c?dx+9a’?Abd®x-3b3Bc?dnx+3a’bBd>nx-

9Ab3cd?x?+9aAb?d®*x?-3b3Bcd?®nx®+3ab2?Bd3nx2-3Bd®n (a+bx)>Logla+bx] -
g
n

a+bx
| +3a°Bd®n

3B (bc-ad) (a*d*+abd (c+3dx) +b?* (c*+3cdx+3d*x?)) Log[e(

c+dx

Log[c+dx] +9a’bBd>nxLlog[c+dx] +9ab?Bd>nx?®Log[c+dx] +3b3Bd®>nx>Log[c+dx]

Problem 131: Result more than twice size of optimal antiderivative.

J(ci+dix)3 (A+BLog[e (%)n”

ag+bgx

dx

Optimal (type 4, 373 leaves, 14 steps):
5Bd (bc-ad)?i*nx B (bc-ad)iln(c+dx)?

+

6b3g 6b’g
d(bc-ad)?i® (a+bx) (A+BLog[e (ﬁ)n})
b*g
(bc-ad) i (c+dx)? (A+BLogle (=2*)"]) = (c+dx)” [a+BLogle [22¢)"]]
SB(bC—ad)3i3nL0g[iizi] 11B (bc-ad)’i’nLlog[c+dx]
6b*g 6b%g
(bc-2d)?s* [arBLogfe [23%)"]) Log[1- H295] B (be-ad) s nrolylog[2, ]
b4g b4g

Result (type 4, 1061 leaves):
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1

i3 |18b*Bc*n-36ab?Bc?dn+24a’bBcd*>n-6a*>Bd>n+18Ab3>c>dx-

6b*g
18aAb?cd?’x+6a’?Abd3>x-7b3Bc?dnx+12ab*Bcd’nx-5a?2bBd3>nx+9ADb3cd?x?-
a
3aAb?d®*x?-b*Bcd’nx?+ab?Bd®*nx>+2Ab3d*x>+38B (bc—ad)3nLog[7+x}2_
b

Prob

18b3Bc3nLog[§+x} +18aszc2dnLog[§+x} —6a2bBcd2nLog[§+x] +

6Ab3>c3Llogla+bx] -18aAb%c?dlog[a+bx] +18a2Abcd?Llog[a+bx] -
6a>Ad3Llogla+bx]-9a’bBcd?’nlogla+bx]+5a3Bd®nLog[a+bx]+

c c
6b°Bc’nLlog[—+x| Log[a+bx]-18ab’Bc*dnlog|— +x| Logla+bx] +
d d
c c
18a’bBcd’nlog|— +x| Log[a+bx] -6a*Bd>nLog|— +x| Log[a+bx] +
d d

GBnLog[§+x] (ad (3b>c*-3abcd+a’d’) - (bc—ad)3Log[a+bx]) -

c d(a+bx c d(a+bx
6b°Bc’nLog[— + x| Log[Q]+18aszc2dnLog[f+x] Log[g
d -bc+ad d -bc+ad
C d(a+bx c d(a+bx
18a’bBcd’nLog|— + x| Log[g]+6a38d3nLog[—+x] Log{Q +
d -bc+ad d -bc+ad
a+bx)" a+bx)"
18b3Bc2deog[e( : | -18ab?Bcd’xLog|e : +
c+dx c+dx
a+bx\" a+bx)" a+bx
6a’bBd’xLog|e : | +9b>Bcd?x? Log[e : | -3ab?Bd’®x? Log|e ’
c+dx c+dx c+dx
a+bx)n a+bx\"
2b°Bd*x? Log|e : | +6b>Bc®Log[a+bx] Log|e ! -
c+dx c+dx
s o o a+bx)n ) R a+bx)"
18ab?Bc*dlog[a+bx] Log[e ) | +18a’bBcd?Logla+bx] Log[e( -
c+dx c+dx

30 3 a+bx)\" 3. 3
6a°Bd®Log[a+bx] Log|e | +7b*°Bc®nloglc+dx] -
c+dx
b (c+dx
3ab2Bc2dnLog[c+dx]—6B(bc—ad)3nPolyLog[2, Q]
bc-ad

lem 132: Result more than twice size of optimal antiderivative.

(ci+dix)? (A+B|—08[e (M)n”

c+d x

J

dx
ag+bgx 2
( )

Optimal (type 4, 390 leaves, 11 steps):

n
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B d? (bc—ad) i3nx B (bc—ad)zi3n (c+dx)

2b3 g2 ) b*g? (a+bx) '
2d? (bc-ad) i® (a+bx) (A+BLog[e (ﬁ)n” ) (bc-ad)?i® (c+dx) (A+BLog[e($)n]) )
b* g2 b*g? (a+bx)

di3 (C+dx)2(A+BLog[e($)n” _Bd(bc—ad)ﬂ%Log[ﬁ} )

2b2 g2 2b*g?
5Bd (bc-ad)?i’nLog[c+dx] 3d (bc-ad)?1? (A+Blogle (20*)"]) Log[1- bt ]

_ +

2 b g2 b* g?

3Bd (bc-ad)?i*nPolylog|2, %]
b4g2

Result (type 4, 1120leaves):
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.3 2 a+bx)\" a+bx
i’ |2bd? (3bc-2ad) x |[A+BLog|e | -BnLog| .
2b*g? c+dx c+dx
b?d®>x? |A +BLog[e arbx n]—BnLog[a+bX -
c+dx c+dx
Z(bcfad)g’(A+BLog[e($)n}—BnLog[%”
a+bx
5 a+bx)\" a+bx 3. 3
6d (bc-ad)”Logla+bx] |[A+Blog|e | -BnLog| ||-1]2b°Bcn
c+dx c+dx
d b
(d(a+bx) Log[5+x]+d(a+bx) Log[M}Jr(bCfad) (1+L08[a+bx ]/
d -bc+ad c+dx
2 3
((bc-ad) (a+bx)) +Bdn 42 “20C apy 2 SX, 22 2 ]

+3a’Llog|—+x| +
d a+bx b

4abcLog[§+x}

5 2adLlog[a+bx] , c
-a‘Logla+bx] + +6a Log[7+x] Log[a+bx] -
d bc-ad d

d(a+bx) a+bx

2a2Log[§+x} (2+3Logla+bx]) 7632Log[§+x} Log | | -4abxLog|

-bc+ad c+dx

+

3 a+b x
a+bx, 22’ Log| . a+bx, b2c2log[c+dx
b? x* Log : + cdx_ . 6a%logla+bx] Log| : |+ glcr 1+
c+dx a+bx c+dx d?

]

2a3dloglc+dx]

b d
- 6a?Polylog|2, M

+3b%*Bc?dn
-bc+ad bc-ad

Log[i+x}2+

2a (1+Log[§+x])

a a C a+bx
+2( +Log[a+bx] —Log[7+x}+Log[7+x}+Log[ +
a+bx a+bx b d c+dx
e
(2a[(—bc+ad) Log[a+x]+d(a+bx) (Logla+bx] - Log[c+dx]) ]/
c d(a+bx) b (c+dx)
((bc-ad) (a+bx)) -2 |Log[~ +x]| Log| ———"] +Polylog[2, ———| || -

d -bc+ad bc-ad

a2 (l+Log|2+x
—(a+bx> [—1+Log[i+x])+a|_og{i+x]2+ ( [b ”+
b b a+bx

6bBcd’n

C
b(*+x
d

—1+Log[§+x}) -

a+bx

a2
(bx -2alogla+bx]
a+bx

(—Log[§+x] +Log[§+x] +Log[

c+dx

b <c+dx)
| +Polylog[2, ——F
-bc+ad bc-ad

(az ((—bc+ad) Log[§+x] +d (a+bx) (Log[a+bx] —Log[c+dx]>)

((bc-ad) (a+bx))-2a M

Log[§+x] Log|
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Problem 133: Result more than twice size of optimal antiderivative.

dx

J‘(ci+dix>3 (A+BLog[e (%)n”
(ag+bgx)®

Optimal (type 4, 361 leaves, 9 steps):

d>i® (a+bx) (A+BLog[e (M)n”

2Bd (bc-ad)i*n(c+dx) B (bc-ad)i*n(c+dx)? crdx
- - + B
b’g® (a+bx) 4b’g? (a+bx)? b* g
2d (bc—ad) i3 (c+dx) (A+BLog[e (%)n” 7 (bc—ad) i3 (c+dx>2 (A+BLog[e (%)n}) )
b*g* (a+bx) 2b%g® (a+bx)?
Bd? (bc-ad) i*nloglc+dx] 3d> (bc-ad) i? (A+BLog[e (%)n]) Log[l—z(:isz)}
b% g3 B b* g3

b (c+dx }

3Bd” (bc-ad) i’nPolylog[2, oo

b4 g3

Result (type 4, 1324 leaves):

1
4b4g3
i3 [ b3Bc3'n[b2 2_4abcd+a?d*-2b’cdx-2abd®x-2b%d?x?+2d? (a+bx)2Log[§+x]f
d b
2d? (a+bx)2Log[M]+2b2c2Log[a+bX -
-bc+ad c+dx
4abchog[a+bx}+2a2d2Log[a+bX] /((bc—ad)z(a+bx)2) +
c+dx c+dx
a+bx)n a+bx
4bd?x A+BLog{e( | -BnLog| -
c+dx c+dx
2(bc—ad)3(A+BLog[e($)n}—BnLog[%])
<a+bx)2
12d (bc-ad)® (A+BLog[e (22X)"] -BnLog[22*]) )
a+bx
a+bx)n a+bx
12d* (bc-ad) Log[a+bx] A+BLog[e( | -BnLog| -
c+dx c+dx
! 3bZBc2dn[3ab2c2—4a2bcd+a3d2+4b3czx—6ab2cdx+2a2bd2x—
(bc—ad)z(a+bx)2
5 5 a+bx
2d (-2bc+ad) (a+bx)*Logla+bx] +2 (bc-ad)® (a+2bx) Log| el
c+dx

4a’bcdlog[c+dx] +2ad?Log[c+dx] -8ab?cdxLlog[c+dx] +
4a’bd?’xLlog[c+dx] -4b3cdx?Log[c+dx] +2ab®d®x?®Log[c+dx]| +
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8a(1+Log[§+x]) az(1+2Log[§+xH

3bBcd?n 2Log[i+x}2+ - +
b a+bx (a+bx>2
a(3a+4bx) a c a+bx
——————"+2logla+bx]| |-Log[~ +x]| +Log[~ +x]| + Log| RE
(a+bx)? b d c+dx

(ga [(—bc+ad) Log[§+x] +d (a+bx) (Logla+bXx] —Log[c+dx])))/

((bc-ad) (a+bx))+¥2a2

(a+bx>2

Log[£+x]+ !

d (bcfad)2

d(a+bx) (bc-ad+d(a+bx)Logla+bx]-d(a+bx)Log[c+dx])

4 d(a+bx)

b d
Log[§+x} Log | | +Polylog|2, (c+dx)

-bc+ad bc-ad ]

12a% (1+Llog|2 +x
Bd’n -4 (a+bx) +6aLog[i+x]2+ ( {b ])
b

—1+Log[i+x]
b

a+bx

a3(1+2Log[§+x” c

+4b [a+x) [—1+Log[§+x}) +

(a+bx)2
a2(5a+6bx) a c a+bx
2|-2bx+ ——————"+6alogla+bx]| |[-Log|[—+x]| +Log|[—+x] +Log]|
(a+bx)2 b d c+dx

(12a2 [(—bc+ad) Log[§+x] +d (a+bx) (Log[a+bx] -Log[c+dx])

|/

((bc-ad) (a+bx))+ ———2a

Log[g+x]+ !
(a+bx>2

d (bc—ad)2

d(a+bx) (bc-ad+d (a+bx)Logla+bx]-d(a+bx) Log[c+dx])

d b
124 d(arbx)

b d
Log[§+x} Log[ } JrPolyLog[ZJ (C+ X>

-bc+ad bc-ad ]

Problem 134: Result more than twice size of optimal antiderivative.

J\(cierix)3 (A+BLog[e (ﬁ)n”

(ag+ng)4

dx

Optimal (type 4, 326 leaves, 9 steps):
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Bd2i®n (c+dx) Bdi*n(c+dx)? Bi*n(c+dx)? d*i(c+dx) (A+BLog[e (2]

b*g* (a+bx) 4b2g* (a+bx)? 9bg* (a+bx)? b*g* (a+bx)

43 (c+dx)? (A+BLog{e (m)”” ) i3 (c+dx)’ (A+BLog[e (m)”” )

c+d x c+d x

2b2g4(a+bx)2 E!bg“(a+bx>3

d3 i3 (A+BLog[e (ﬁ)n}) Log[1 - J—Lz (:i‘;; | Bd*i*nPolylog|2, J—Lz (:i‘;; ]

b4 g4 b4 g4

Result (type 4, 2243 leaves):

d?1i3 Log[a+bx] (A+B(Log[e(ﬁ)n]—nLog[ﬁ])) ) 1
b* g* b*g* (a+bx)
3(—Abcdzi3+aAd3i3—bBcdzi3 Log[e a+bx)n]—nLog[a+bX} +
c+dx c+dx
aBd® i’ Log[e a+bx)“]_nLog[a+bx B 1
c+dx c+dx 2b%g* (a+bx)?
3(Abzczdi3—2aAbcdzi3+a2Ad3‘i3+szc2di3 (Log[e(a+bx n}—nLog[aerx} -2ab
c+dx c+dx
Bcd?i® |Log[e atbx n}—nLog[aerx] +a’Bd*i® |Log|e atbx n]—nLog[aerX +
c+dx c+dx c+dx c+dx
= -Ab3c®i®+3aAb®c?di®-3a?Abcd?i®+alAd3id-
3b*g* (a+bx)>
b*Bc? i’ |Log|e arbx n]—nLog[aerX] +
c+dx c+dx
3ab?Bc?di? (Log[e(a+bx]n]—nLog[a+bx} -3a’bBcd?i
c+dx c+dx
Log[e arbx n]—nLog[aerX] +a’Bd*i® |Log|e a:bx n}—nLog[aerX +
c+dx c+dx c+dx c+dx
a a a 2
ch3i3n i (b+x) (3L0g[b+x]+9Log[b+X] ) 1
g* 27 (a+bx)4Log[§+x} 6b
b2 S+X2 4b (£ +x
Ll el
(—a+bc)5(1—iﬂ—lb +X) (_a+b—C)“[1—bZX)
d —a+ch d 7a+d—c
2 b3 S+X)3 6b2(£+x)2 6b(*+x)
+ + Log[7+x]+
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| cvoslgex crogls ox] cLopl 2 2 |

(_a+LC)3 3b(a+bx)?

1+2Llog|2+x| a(l+3Log|%+x
lBBczdi3n - [b ]+ ( [b ”
gt 4b% (a+bx)? 9b2 (a+bx)>

2Log[ x| (%4& d? Log[a+b x]-2d2 Log [c+d x])

T
(a+bx)3 (bc-ad)?

a

6 b2

d (a+bx) (bc-ad+d (a+bx) Log[a+bx]-d (a+bx) Log[c+d x])
(bc-ad)?

2 b? <a+bx)2

Log[§+x] +

(a+3bx) (—Log[§+x}+Log[§+x}+Log{ a_, bx ]) 1

c+d X c+d X

6b% (a+bx)> gt

3Bcd*i’n 71+Log[§+x] Lo [1+210g[2+x]) o (1+3Log[2+x]) .
b3 (a+bX> 2b3 <a+bx)2 9 b3 <a+bx)3

(-bc+ad) Log[§+x] +d (a+bx) (Logla+bx] -Log[c+dx])

b*> (bc-ad) (a+bx)

d (—“’C’a d) [ber3ad2bdx) 5 g2 Log[a+bx] -2 d? Log[c+d X]

2 Log“—erw

2 (a+bx)?
a
(a+bx)3 (bc-ad)?
6 b3
a (Log{g + X] + d (a+bx) (bc-ad+d (a+bx) Logla+bx]-d (a+bx) Log[c+dx]) )
d (bc-ad)? 1
b* (a+bx)? 3b% (a+bx)?

a b x
+

c+dx c+dx

(a>+3abx+3b*x?) —Log[Eer} +Log[§+x} + Log|
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in3i3n Log[§+x]2 ) 3a <1+Log[§+x]) ) 3 a2 (1+2L0g[§+x]) +a3 (1+3Log[§+x”
g* 2 b4 b (a+bx> 4b4(a+bx)2 9b4(a+bx)3

|/

c
(Ba ((7bc+ad) Log[g+x] +d (a+bx) (Logla+bx] -Log[c+dx])

zLog[c_,fx} d (MHM_*BZA*WQdZ Log[a+bx]-2d? Log[c+d x])
a3 _ d + (a+bx)
(a+bx)3 (bc-ad)?
(b* (bc-ad) (a+bx)) + +
6 b*
332 (Log[g + X] + d (a+bx) (bc-ad+d (a+bx) Logla+bx]-d (a+bx) Log[c+dx]) )
d (bc-ad)? 1
+
2 b* (a+bx)2 6 b*

a (11a2+27abx+18b2x2)

+6Logla+bx]

fLog[erx} +Log[§+x} +

<a+bx)3
Log| 3 b x Log[j + x| Log{—(—)—diba;ba"d | +PolylLog|2, J—Lbb::: ]
o + -
g c+dx c+dx b*

Problem 135: Result more than twice size of optimal antiderivative.

J\(ag+ng)3 (A+BLog[e (%)n”

ci+dix

dx

Optimal (type 4, 269 leaves, 6 steps):
g3 (a+bx)3 (A+BLog[e (w)n” (bc-ad) g <a+bx)2 (3A+Bn+BBLog[e (m)n])

c+d x e *
3di 6d2i

(bc—ad)zg3 (a+bx) (6A+SBn+GBLOg[e (%)n}) N

6d3i
e aa’e fonrrasn satosfe 222" tonl 220 |

6d*i
B (bc-ad)®gnPolyLog|2, E—Eﬁﬂ
d* i

Result (type 4, 1003 leaves):
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" g2 |l6b®>Bc®n-24ab?Bc*dn+36a’bBcd’n-18a>Bd®>n+6Ab3>c?dx-18aAb%cd?x+
6d*1i

18a’Abd®*x+5b®Bc?dnx-12ab*Bcd?’nx+7a’bBd®*nx-3Ab3cd?’x*+9aAb’d®x*-
c c

b*Bcd?nx*+ab?Bdnx?+2Ab>d*x* -6b>Bc>nlog|— +x| +18ab?Bc?dnLlog[—+x]| -
d d

18a2bBcd2nLog[£+x} +3b3Bc3nLog[§+x]2—9ab28c2dnLog{§+x]2+

Q.

c c
9a2bBcd2nLog[—+x]2—3a3Bd3nLog[—+x}2+3a2b8cd2nLog[a+bx] -
d d

30 43 P a+bx)" ) ) a+bx)"
7a’Bd’nlogla+bx] +6b>Bc?dxLog|e )]—18ab Bcd?xLog[e |+
c+dx c+dx
a+bx)\" a+bx)\"
18a’bBd’x Log|e : | -3b>Bcd?x? Log|e : |+
c+dx c+dx
a+bx a+bx)\"

n
9ab’Bd®x*Log[e ) ]+2b3Bd3x3Log[e( | -6ADb>c®Log[c+dx] +

c+dx c+dx
18aAb%c?dlog[c+dx] -18a%?Abcd?Log[c+dx] +6a>Ad3Log[c+dx] -

3p .3 2p 2 Cen3R 3 <
5b°Bc nLloglc+dx] +9ab?Bc?dnloglc+dx] -6b>Bc nLog[—+x]| Log[c+dx] +
d

c c
18ab?Bc?dnLlog|— +x| Log[c+dx] -18a’bBcd’nlLog|— + x| Log[c+dx] +
d d

n

a+bx
} Log[c+dx] +

c
6a>Bd’nLog[— +x| Log[c+dx] —6b3Bc3Log[e(
d

c+dx
n

| Log[c+dx] -18a’bBcd?Log[e

n

a+bx
}Log[c+dx} +

b x

a
18abZBc2dLog[e( :

c+dx
n

c+dx
a+bx

6a°Bd®Log[e

| Loglc+dx] 76BnLog[i+x}
c+dx b

b d
(ad (bzcz’3ade+3azd2> - (bcfad)BLog[Cerx] + (bcad)z’Log[% J
c-a

d b
6B (bc—ad)BnPolyLog{z, M

-bc+ad

Problem 136: Result more than twice size of optimal antiderivative.

J(ag+ng)2 (A+BLog[e (ﬁ)n”

dx
ci+dix

Optimal (type 4, 211 leaves, 5steps):
g2 (a+bx)? (A+BLog[e (M)n” (bc-ad)g?(a+bx) (2A+Bn+ZBLog[e (M)n”

c+d x cdx B
2di 2d%1
(bc-ad)?g? (2A+3Bn+ZBLog{e (%)n}) Log[bb(:Z:)} B
2d%1i
B (bc—ad)zgznPolyLog[Z, %ﬂ
d*i

Result (type 4, 610leaves):
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1
2d3i

g2

-2b?’Bc?’n+6abBcdn-4a*Bd*n-2Ab’cdx+4aAbd?*x-b?Bcdnx+abBd®nx+Ab2d?x?+

2bZBc2nLog[§+x] —4abBcdnLog[§+x] —bZBcznLog[i+x]2+2abBcdnLog[§+x]2—

c a+bx)n
aZBdZnLog[—+x}2—azBd2nLog[a+bx]—ZbZBcdeog[e : ) +
d

c+dx
n

| +b?Bd?x* Log|e

n

a+bx
| +2Ab?c?Log[c+dx] -

a+bx

4ade2xLog[e(

c+dx c+dx
4aAbcdlog[c+dx] +2a’Ad?Log[c+dx] +b2Bc®nlog[c+dx] +

252 < : <
2b?Bc*nlog|— +x| Log[c+dx] -4abBcdnlog|—+x]| Log[c+dx] +
d d

ZaZdenLog[Eer] Log[c+dx] +2b*Bc? Log|e a+bx n} Loglc+dx] -
d c+dx
a+bx)\" a+bx)"
4abBcdLlog|e | Log[c+dx] +2a?Bd? Log|e | Loglc+dx] -
c+dx c+dx
a 5 , b (c+dx)
2Bnlog|—+x| |ad (bc-2ad)+ (bc-ad)®Log[c+dx] - (bc-ad)®Log|—— ]|+
b bc-ad
d b
ZB(bc—ad)znPolyLog[Z,M
-bc+ad

Problem 137: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[e (%)n])

dx
ci+dix

Optimal (type 4, 134 leaves, 4 steps):
g (a+bx) (A+BLog[e (M>n])

c+d x
di
oc-ad)e aron-stoele [255]"]] ogl 58] 8 be s envosioe(2, 2
d?i d?i

Result (type 4, 308 leaves):
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c c
g |2bBcn-2aBdn+2Abdx-2bBcnLlog[— +x| +bBanog{—+x]2—
2d%i d d
n

a+bx
| -2Abcloglc+dx] +

aBdnLog[§+x]2+2dexLog[e

c+dx

C C
2aAdLlog[c+dx] 72bBanog[7+x] Log[c +dXx] +2aBdnLog[7+x] Log[c+dx] -
d d

a+bx)\n a+bx)\n
2bBclogle | Loglc+dx] +2aBdLog|e | Loglc+dx] +
c+dx c+dx
b d
ZBnLog[i+x] ad+ (bc-ad) Log[c+dx] + (-bc+ad) Log[M] +
b bc-ad

d(a+bx)

2B (-bc+ad) nPolyLog|2,
-bc+ad

Problem 143: Result more than twice size of optimal antiderivative.

J(ag+ng>3 (A+BLog[e (%)n”

(ci+dix)2

dx

Optimal (type 4, 359 leaves, 9steps):
3B (bc—ad>2g3n (a+bx]) (bc—ad)zg3 (6A+5Bn) (a+bx)
d>i? (c+dx) 2d*i? (c+dx)

3B (bc-ad)”g® (a+bx) Logle (ﬁ)n} g’ (a+bx)? <A+BLog[e (ﬁ)n])
. _

d3iz(c+dx) 2di? (c+dx>

(bc-ad) g® (a+bx)? (3A+Bn+38Log[e (M)n])

c+d X

2d?i2? (c+dx)

b(bc-ad)?g? (6A+53n+68Log[e (ﬁ)”” Log[ibb(:zi)}

2d4i?

3bB (bc-ad)?g*nPolylog|2, %]

d*i?

Result (type 4, 1109 leaves):
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a+bx)\n a+bx
g’ |-2b>d (2bc-3ad) x |[A+Blog|e | -BnLog| e
2d* iz c+dx c+dx
b*d*x? |A+BLog|e arbx n]—BnLog[aerX] +
c+dx c+dx
2 (bcfad)g’ (A+BLog[e (%)n} —BnLog[:izz” )
c+dx
a+bx\"

Log[c+dx] +

]—BnLog[aerX}
c+dx

6b(bc-ad)? (A+BLog[e

c+dx

2a’Bd®n [bc—ad+b (c+dx) Log[§+x} +(-bc+ad) Log[a+bx -

c+dx

b d b d

bcLog[M} bdeog[M}]J/
bc-ad bc-ad

((bc-ad) (c+dx)) +3a’bBd*n (Log[§+x]2+2Log[§+x} Log[c+dx] +

c bclog[a+bx] bclog[c+dx] a a+bx
2 |- + + -Log[— +x] Log[c+dx] +Log|
c+dx -bc+ad bc-ad b c+dx
c a b (c+dx) d(a+bx)
[ +Log[c+dx] +Log[7+x} Log[i} +2PolyLog[2,7 +
c+dx b bc-ad -bc+ad
4acd ad?x 2¢3 c C
b3Bn [-4c?+ —cdx+ - +4c2Log[7+x]—3c2Log[7+x}2—
b c+dx d d
a?d? Logla+bx 2bc?Log[a+bx a+bx a+bx
glarbx] glax J—4cdeog[ ’ | +d?x? Log| : +
b? -bc+ad c+dx c+dx
2 Log[ 22X ] 2bc3Log[c+dx c
X" 2 oglc+dXx] + glcr }+6c2Log[—+x} Log[c +dx] +6 c?
c+dx bc-ad d
a b (c+dx)
a+bx 2cLog[Z+x} (2ad+3bcLog[c+dx]—3bcLog[ bz_az ])
Log | | Loglc+dx] - +
c+dx b
d(a+bx)
6 c? Polylog[2, ———] | +
-bc+ad

6ab2Bdn d(§+x) (—1+Log[§+x])—(c+dx) (—1+Log[§+x])+cLog[§+x]2+

c? (1+Log[i+x]) Log[§+x} b (Log[a+bx] -Log[c+dx])
+

2

+ C - +
c+dx c+dx bc-ad
a C a+bx 2
(—Log[7+x]+Log[7+x]+Log[ dx- -2clog[c+dx]| -
b d c+dx c+dx
b d d b
2¢c Log[ier] Log[M] + PolyLog|2, M J
b bc-ad -bc+ad
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Problem 144: Result more than twice size of optimal antiderivative.

J‘(angng)Z (A+BLog[e (%)n”

(ci+dixf

dx

Optimal (type 4, 275leaves, 8 steps):
2B (bc-ad)g?n(a+bx) (bc-ad)g?(2A+Bn) (a+bx)

. +
d?i2 (c+dx) d?i? (c+dx)
2B (bc-ad) g (a+bx) Log[e (%)”] +g2 (a+bx)? (A+BLog[e (%)n])
d?i% (c+dx) di? (c+dx]
o (be-aa) & (2a+on- 2 Logle [22:]"]) op[ 2532
d3i?
2bB (bc-ad) g?nPolylog[2, H20x]

d3i?

Result (type 4, 705 leaves):
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n a+bx

a+bx
| -BnLog|

2

b’dx |A+Blog|e

g

d3 i c+dx c+dx

(bc-ad)? (A+BLog[e (M)n] *BnLog[%”

c+d X _
c+dx
a+bx)\n a+bx
2b (bc-ad) (A+BLog[e ) | -BnLog| || Logic+dx] +
c+dx c+dx
[aZden{bc—ad+b(c+dx) Log[i+x]+(—bc+ad) Log[a+bx]—
b c+dx
b d b d
bcLog[(“X)}bdeog[M}]J/
bc-ad bc-ad

((bc-ad) (c+dx)) +abBdn

fLog[§+x}2+2Log[§+x] Log[c+dx] +

C bclog[a+bx] bclog[c+dx] a a+bx
2 |- + + —Log[7+x] Log[c +dx] +Log[
c+dx -bc+ad bc-ad b c+dx
a b<c+dx) d<a+bx)
[ +Log[c+dx] +Log[7+x] Log[i} +2PolyLog[2, —_— | +
c+dx b bc-ad -bc+ad

2

szn[d(a+X - (c+dx) —1+Log[£+x})+cLog[£+x} +
b d d

(—1+Log[§+x}

c? (1+L03[§+X]) , Log[§+x} b (Log[a+bx] -Log[c+dx])

+C° |- + +
c+dx c+dx bc-ad
a C a+bx 2
(—Log[7+x]+Log[7+x]+Log[ dx- -2clog[c+dx]| -
b d c+dx c+dx
b d d b
2¢c Log[i+x] Log[M] +PolyLog|2, M ]
b bc-ad -bc+ad

Problem 145: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[e (ﬁ)"])

(ci+dix)2

dx

Optimal (type 4, 168 leaves, 7 steps):

a+bx)n}
c+d X

Ag(a+bx) Bgn(a+bx) Bg (a+bx) Log[e(
_ . _
diz(c+dx) diz(c+dx) diz<c+dx)

d?i? d?i?

Result (type 4, 411 leaves):
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1 2 (bc-ad) (A+BLog[e(%)n]—BnLog[%”
g c+a x c+a x
2d?i? c+dx
a+bx)\n a+bx
2b[A+BLog[e ]—BnLog[ ] Log[c+dXx] +
c+dx c+dx
a a+bx
2aBdn[bcad+b(c+dx) Log[~ +x| + (-bc+ad) Log| |-
b c+dx
b d b d
bcLog[(“X)}bdeog[M}]]/
bc-ad bc-ad

((bc-ad) (c+dx)) +bBn —Log[§+x]2+2Log[§+x} Log[c+dx] +

C bclog[a+bx] bclog[c+dx] a a+bx

2 |- + + —Log[7+x] Log[c +dx] +Log[
c+dx -bc+ad bc-ad b c+dx
a b (c+dx) d(a+bx)
[ +Log[c+dx]] +Log[— +x] Log| ———] | + 2PolyLog[2, ——
c+dx b bc-ad -bc+ad

Problem 151: Result more than twice size of optimal antiderivative.

J(ag+ng)3 (A+BLog[e (%)n”

(ci+dix)3

dx

Optimal (type 4, 382leaves, 9steps):
3B(bc-ad)g®n(a+bx)® 3bB(bc-ad)g’n(a+bx)

+

4d213 (c+dx)? d*>i® (c+dx)
b(bc-ad)g®(3A+Bn) (a+bx) 3bB (bc-ad) g’ (a+bx) Log[e(%)n}
4 +
d®>i® (c+dx) d>i® (c+dx)
3 +b n 2 +b "
& [a+5x)? (A+BLog[e (222)"]] + (bc-ad) g (arbx)? (3A+Bn+3BLog[e [22X)"]) )
di® (c+dx)? 2d?i3 (c+dx)?
b (bc-ad) g3 (3A+Bn+3BLog[e($)n})Log[ﬁ}
d4j_3 ’
3b2B (bc-ad) g*nPolylog|2, s—iﬁﬂ
d4i3
Result (type 4, 1317 leaves):
g® |4b>dx |A+BLog[e arbx n}—BnLog[aerx] +
4 d4 i3 c+dx c+dx

2 (bc-ad)’ (A+BLogle (22%)"] - BnLog[ =2x]

c+d x

(c+dx)2
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12b (bc-ad)? (A+BLog[e (My] —BnLog[m})

c+d X c+d x

c+dx

a+bx)\"

]—BnLog[a+bX]
c+dx
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4a’d®>x-2b (bc-2ad) (c+dx>2Log[a+bx]+2(bc—ad)2(c+2dx) Log[a+:X +
c+dx
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1
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1

2C3 =
(bc—ad)2

a
-Log| — +X
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b(c+dx) (bc-ad+b (c+dx) Logla+bx] -b (c+dx) Log[c+dx])

+

b
e (c+dx)

d b
| +PolyLog|2, M

a
Log[— + x] Log|
b bc-ad -bc+ad

Problem 152: Result more than twice size of optimal antiderivative.

J‘(angng)z (A+BLog[e (%)n”

(ci+dix)?

dx

Optimal (type 4, 263 leaves, 8 steps):

Bg?n (a+bx)? Abg?(a+bx) bBg?n(a+bx)
- +

4di? (c+dx)® d*i3 (c+dx) d?i® (c+dx)

bBg? (a+bx) Log|e (ﬁ)n] g’ (a+bx)? (A+BLog[e (ﬁ)n”
d?i3 (c+dx) ) 2di3 (c+dx>2 i

b2 g? (A+ B Log[e (%)n}) Log[ibbé;z; } b2Bg?n PolyLog[Z, J—LS (:izz) }

d3 i3 d3 i3

Result (type 4, 907 leaves):
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1
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b d
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+
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|

Problem 153: Result more than twice size of optimal antiderivative.

J*(angng) (A+BLog[e (%)n])

(ci+dix)®

b d d b
4 7(c+ X) | +PolyLog|2, 7(a+ x)

bc-ad -bc+ad

Log[§+x} Log|

dx

Optimal (type 3, 89leaves, 2 steps):
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Bgn (a+bx)? g(a+bx)2(A+BLog[e(%)n])
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Problem 159: Result more than twice size of optimal antiderivative.

2
dx

J(ag+ng)3 (ci+dix) (A+BLog[e a+bx)”

c+dx

Optimal (type 4, 584 leaves, 11 steps):
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foc2d) g3 (20" [a-stogle [2)]]" 613 ov0n)* (e ax) a-stogfe [222)]]
20 b2 >b
. ks n
B(bc—ad)3g31n<a+bx)2(3A+Bn+3BLOg[e(ﬁ> ]) B
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b bc-ad b bc-ad

a b (c+dx a b (c+dx
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Problem 160: Result more than twice size of optimal antiderivative.

2
dx

a+bx)\"

J(ag+ng)2 (ci+dix) [A+BLog|e

c+dx

Optimal (type 4, 487 leaves, 10 steps):
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) 402 42 a ( )
b bc-ad

b d b d
7(C+ X>]—12a2b2B2c2d2n2Log[i+x] Log[i<C+ X)
bc-ad b bc-ad
d(a+bx>
2b*B*>c? (b>c®-4abcd+6a’d?’) n’Polylog|2, ——— | +
-bc+ad

c+dx
a+bx

12a*b*B*c*d*nLog|e (

c+dx

8ab3B2c3dn? Log[§+x} Log |

b<c+dx)

2a®B?d’ (-4bc+ad) n?Polylog|2,
bc-ad

Problem 161: Result more than twice size of optimal antiderivative.

2
dx

a+bx\"

J(angng) (ci+dix) |[A+BLogle

c+dx

Optimal (type 4, 372leaves, 9steps):



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 145

B2 (bc—ad)zginzx B (bc—ad)zgin (a+bx) (A+BLog[e (M)n])

- c+dx B
3bd 3b%d
B(bc-ad)gin(a+bx)? (A+BLog{e (ﬁ)n})
3 b?
(bc-ad)gi(a+bx)? (A+BLog[e (ﬁ)n])z +gi (a+bx)? (c+dx) (A+BLog[e (%)nmz B
6 b2 3b
B(bc-ad)’gin (A+Bn+BLog[e (%)n]) Log[ﬁ]
3b2d?

B2 (bcfad)3gin2 Log[c +dx] B2 (bc—ad)3gin2 PolyLog[Z, J—Lg (?Z;}

3b2 d? 3b%d?

Result (type 4, 1606 leaves):
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1

6 b2 d?

gi|-2b>B2c®n?+2ab?B2c?dn?+2a’bB?cd*n?-2a°B2d>n?+6aA’b>cd’x-2Ab>Bc?dnx+

2a2AbBd3nx+2b3B2c?dn?x-4ab?B>cd’n?x+2a’bB>d*n?x+3A%b3>cd?*x?+

]
3aA’b?d®x?-2Ab*Bcd®nx?+2aAb?Bdnx?+2A?b>d>x*> - 2ab?B> c?dn? Log|[ — + x| +
b
a a 2 a 2
5 2% B2 g 2 Log[—+X} +3a2szcd2n2Log[_+X} _a3BZd3n2Log[—+X} +
b b b
c c C 2
2b>B>c*n?Log|[ — +x] -2a?bB2cd?n?Log|[ — + x| -b*B2c*n?Log|[ — + x| +
d d d

c
3abZBzc2dn2Log[—+x}2+6a2AbBcd2nLog[a+bx] -2a*ABd®nLlog[a+bx] +
d

a
2a’bB*cd?n?logla+bx] -2a*B>d*n’Logla+bx] -6a*bB?cd?n’Log|— + x| Log[a+bx] +
b

a c
2a°B?d®n? Log| — + x| Log[a+bx] +6a’bB*cd?n®Log|[— + x| Log[a+bx] -
b d

C c d(a+bx
2a°B2d®>n? Log|[ — + x| Log[a+bx] - 6a’bB?cd?n®Log|[— + x| Log[M +
d d -bc+ad
C d(a+bx a+bx\"
2a°B*d*n? Log| — + x| Log[¥}+12aAszcd2xLog[e : | -
d -bc+ad c+dx
a+bx)\" a+bx)\"
2b°B2c*dnxLlog|e : | +2a’bB*d*nxLog|e : |+
c+dx c+dx
a+bx)\" a+bx)\"
6Ab>Bcd?x? Log|e : | +6aAb?Bd®x* Log|e : -
c+dx c+dx
a+bx)" a+bx)"
2b°B? cd*nx?Logle : }+2ab282d3nx2Log[e( : +
c+dx c+dx
a+bx)" a+bx)"
4Ab>Bd*x* Log|e - )]+6a2szcd2nLog[a+bx] Log[e( : ] -
c+dx c+dx
a+bx)" a+bx)"
2a°B?d’nLogla+bx] Log|e ’ | +6ab?B>cd’x Log|e : 2
c+dx c+dx

n

a+bx a+bx\". 2

+

3b°B? cd*x? Log|e (

]2+3ab282d3x2Log[e(

c+dx c+dx

a+bx)\"

2082 d’ x° Log e ]2+2Ab3Bc3nLog[c+dx] -6aAb’Bc?dnlog[c+dx] -

c+dx

a
2b°B2c®n?Log[c+dx] +2ab?B?c?dn?Log[c+dx] -2b>B*c®n? Log| — + x| Log[c+dx] +
b

a c
6ab’?B?>c?dn?Log|[—+x| Log[c+dx] +2b°B2c®n?Log[ — + x| Log[c+dx] -
b d

n

a+bx
}Log[c+dx] -

c
6ab®B>c?dn®Log|[— + x| Log[c+dx] +2b*>B2c>nlLog[e
d

c+dx

b d
”] Log[c+dx] +2b’B*c’n? Log[§+x} Log[u _

bc-ad

a+bx

6ab’B’c’dnlog|e

c+dx

b(c+dx)
bc-ad

b<c+dx)
bc-ad

6ab2B2c?dn? Log[§+x} Log | | +2b*B2c? (bc-3ad) n’Polylog|2,

-bc+ad

2a’B?d? (-3bc+ad) n?Polylog|2,

]

d(a+bx)

+
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Problem 162: Result more than twice size of optimal antiderivative.
J(ci+dix) n})zd]x

Optimal (type 4, 220 leaves, 7 steps):

a+bx

A+Blog|e

c+dx

B(bc-ad)in (a+bx) (A+BLog{e (ﬂ)n])

~ c+d x
bZ
i(c+dx)? (A+BL08[e (ﬁ)n])z B2 (bc-ad)?in?Loglc+dx]
2d ' b d ’
B(bc-ad)’in(A+BLogle (25%)"]) Log[1- %=®1] B2 (bc-ad)’in2Polylog[2, bl ]
b2 d i b*d

Result (type 4, 941 leaves):
1
2b%d

i[—ZbZBzczn2+4aszcdn2—2a282d2n2+2A2b2cdx—2AbZBcdnx+2aAde2nx+
212 42 42 2 2 a 2p2 42 12 a 2 2 a 2
A’b?d?x?-2abB?cdn?log|—+x] +2a*B*d*n’Log|— +x| +2abB?cdn?Log[—+x] -
b b b
a 2 c c
a’B?d?n?Log| — +x| +2b?B*c*n?Log[ — +x| -2abB*cdn?Log|— +x]| +
b d d
c
szzcznZLog[—+x]2+4aAbBcdnLog[a+bx]72a2ABd2nLog[a+bx]f
d
a a
4abB*cdn’Llog|— +x| Log[a+bx] +2a’B>d’n?Log[— + x| Log[a+bx] +
b b

c c
4abB2cdn®Llog[— +x| Log[a+bx] -2a’B>d?n?Log|~ +x]| Log[a+bx] -
d d

c d(a+bx c d(a+bx
4abB?cdn®Log|— +x] Log[¥]+2azBZdZnZLog[7+x] Log[g]Jr
d -bc+ad d -bc+ad
2 a+bx\" 202 a+bx)"
4Ab Bcdeog[e }—ZbBcdnxLog[e ]+
c+dx c+dx
a+bx)\n a+bx)n
2abB*d’nxLogle . | +2Ab?Bd?x? Log|e : |+
c+dx c+dx
) a+bx)\" 202 12 a+bx)\"
4abB?cdnlogla+bx] Log[e( | -2a?B2d?nLogla+bx] Log[e( +
c+dx c+dx
2 02 a+bx\"2 o, o o, a+bx\" 2 26 2
2b?B?cdxlog|e +b?B?d*x? Log|e |"-2Ab?Bc?*nloglc+dx] +
c+dx c+dx

a c
2b?B? c?n? Log[ — + x] Log[c+dx] -2b2B?c?n? Log| — + x| Log[c+dx] -
b d

b d

2b?B%c?nlog|e arbx n] Log[c +dx] —2b2B2c2n2Log[E+x} Log[M} -
c+dx b bc-ad

d(a+bx) b (c+dx)

2b?B? ¢? n? Polylog|2, | +2aB?d (-2bc+ad) n?Polylog|2,

-bc+ad bc-ad
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Problem 163: Result more than twice size of optimal antiderivative.

J‘(cierix) (A+BLog[e (%)n])z

ag+bgx

dx

Optimal (type 4, 306 leaves, 8 steps):

di(a+bx) (A+BLogle (22X)"])" 2 (bc-ad)in (A+BLogle 22%)"]) Log[ be2d]

(c+d x)
b’>g b%g
. + 2 + . +
(bc-ad)i (A+BLog[e (%)n” Log[1 - %} ) 2B% (bc-ad) in?Polylog|2, J—L‘;(ZZ’;)} )
bzg ng
2B (bc-ad)in (A+BLog[e (ﬁ)n]) Polylog|2, 4—)—2 (:isz)] )
b2g

28% (bc-ad) in?Polylog|3, %}

b2 g

Result (type 4, 1354 leaves):

i a+bx)\" a+bx,)2
i|3bdx [A+BlLogle | -BnLog| +
3b%g c+dx c+dx
a+bxy" a+bx,)2
3(bc-ad)Logla+bx] [A+BLog[e | -BnLog|
c+dx c+dx
a+bx

3Bn (A+BLog[e

)n] —BnLog[aJr X}
c+dx

a 2 a
[adLog[—+x} -2adLog|— +x|
c+dx b b

d b
(1+Log[a+bx])+2[—bc+ad+Log[§+x} (a+bx)

-bc+ad

+

bc+adlogla+bx] -adLog|

b d
-bdx+adLog[a+bx]) Log -2adPolylLog 2,# +
b a+bx ( )
c+dx bc-ad
3bBcn(A+BLog[e(a+bX n]—BnLog[aerX}
c+dx c+dx

a 2
Log[— +x]| -2 Log[a+bx]
b

a c a+bx
Log[g+x] —Log[a+x] —Log[c .
.

1]]-

5 d(a+bx)

b (C+dx>

Log{£+x} Log| | +PolyLog|2,
d -bc+ad bc-ad

B2 n2 [adLog[Z+x]33d<a+bx) 2—2Log[§+x]+Log[§+x]2
3b (c+dx) 2—2Log[§+x}+Log[§+x}z -

2
+

a+bx
3d (bx-alog[a+bx])

7Log[§+x] +Log[§+x] + Log|

c+dx
c
6 (ad+2bdx—bdeog[+x} -bclog[c+dx] +
d
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b<c+dx)
bc-ad

+

Log[erx} (d (a+bx) +d (a+bx) Log[§+x} +(bc-ad) Log|
d(a+bx) a+bx

-bc+ad

-3

(bc-ad) PolyLog|2,

Log[%+x] —Log[§+x] —Log[c .
N

a a 2
[2bc+Zad2d (a+bx) Log[g+x] +adLog[E+x} +

d(a+bx)
-bc+ad
b (c+dx)
bc-ad

-2adPolylLog [2,

b(c+dx)-adLog| b(c+dx))

bc-ad
d (a+bx)

—2Log[i+x] Polylog[2, ———] +
b -bc+ad

2Log[§+x}

3ad

]

Log[§+x]2

Log[§+x} - Log|

c 2 d(a+bx)
+3ad (Log[—+x} Log[———] +
d -bc+ad
1))

d(a+bx)

2 Polylog|3,
-bc+ad

b(c+dx) b(c+dx>
————F=] -2Polylog[3, ————*
bc-ad bc-ad

d (a+bx)
-bc+ad

2
+

2 Log [3 + x| Polylog|2,

bB2cn? | +3Log[a+bx]

Log[s+x]3+3Log[§+x}2Log[

a+bx

—Log[§+x} +Log[§+x} +Log[c .
N

b (c+dx)
bc-ad

d(a+bx)
-bc+ad

3Log[§+x]2 —Log[§+x]+Log[ }]+6Log[§+x] PolyLog|2, |+

b (C+dx>
bc-ad

6Log[§+x] PolyLog|2, | -3

Log[§+x] —Log[§+x] —Log[

d (a+bx>
————=| +Polylog[2, ——F
-bc+ad bc-ad

el

-bc+ad bc-ad
Problem 164: Result more than twice size of optimal antiderivative.

J(ci+dix) (A+BLog[e (ﬁ)n])z
(

ag+ngf

Log[§+x]272

Log[§+x] Log|

6 Polylog|3,

dx

Optimal (type 4, 261 leaves, 7 steps):

_2Bzin2 (c+dx) _2Bin (c+dx) (A+BLog[e (M)n”

c+d x

bg? (a+bx) bg? (a+bx)

i(c+dx) (A+BLog[e (ﬁ)””z ) di (A+BLog[e (%)n})zLog[l__(—)_z(::Zi)} +

bg? (a+bx) b2 g2

28din (A+BLlogle (22%)"]) polyLog[2, BLE9X ] 28241 n2 PolyLog[3, BLedx ]
c+dx d (a+bx) N d (a+bx)

b? g2 b2 g2
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Result (type 4, 1315leaves):

a+bx])2

1 _3(bc—ad) (A+BLog[e($)n}—BnLog[m
3 b2 g2 a+bx
a+bx\" a+bx,\2
3dlog[a+bx] |[A+BLlog|e | -BnLog| +
c+dx c+dx
a+bx)\" a+bx o
6bBcn[—A—BLog[e( | +BnLog| ] (d(a+bx) Log|[— +x]| +
c+dx c+dx d

d<a+bx) a+bx

/ ((bc-ad) (a+bx)) -

a+bx

i

(Bszcn2 (Zbcfzad+2d (a+bx) Logla+bx] +2 (bc-ad) Log|

d(a+bx) Log[ —b(:Jrad}Jr(bCﬂaCI> [1+Log[c+dx

+
c+dx

b (c+dx) Log[a+bx]2—2d(a+bx) Log[c +dx] /((bc—ad) (a+bx)) +
c+dx
a+bx)" a+bx a 2 2a(1+Log[ﬁ+x])
BBdn(A+BLog[e | -BnlLog| || [Log[=+x]"+ +
c+dx c+dx b a+bx
a C a+bx
2( +Logla+bx]| [-Log[~+x] +Log[~ +x] +Log| 1+
a+bx b d c+dx
c
(2a[(—bc+ad) Log[g+x]+d(a+bx) (Log[a+bx]—Log[c+dx1))J/
d b b d
((bc-ad) (a+bx)) -2 Log[£+x] Log[M]+PolyLog[2, u} +
d -bc+ad bc-ad

d(a+bx)

3a(2+2Log[2+x]| +Log[?+x]|?
B2 d n? Log[i+x]3+ ( [b } [b ] ) +3Log[£+x}2Log[ +
b a+bx d -bc+ad
2
1 3 (a+ (a+bx) Logla+bx]) 7Log[i+x]+Log[£+x]+Log[a+bX] -
a+bx b d c+dx
b d d b
3Log[i+x]2 Log[Eer}—Log[u] +6Log[i+x] PolyLog[Z, M +
b d bc-ad b -bc+ad
[Sa[d (a+bx) Log[§+x}2+2((fbc+ad) Log[§+x]+d(a+bx)
a c
(Logla+bx] - Log[c+dx]) 72Log[g+x] (bc-ad) Log[g+x}+d
b(c+dx) d(a+bx>
(a+bx) Log[———"]| -2d (a+bx) PolyLog[2, ——] J/
bc-ad -bc+ad
b d
((bc-ad) (a+bx)) - 6Log] < +x] PolyLog[z, 19,
d bc-ad
d b
[Sa Log[£+x} (b (c+dx) Log[£+x] -2d (a+bx) Log[M J
d d -bc+ad

b(c+dx)
bc-ad

]

2d (a+bx) PolylLog|2,

J/((bc—ad) (asbx)) -



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 151

a X 2a(1+Log[§+x”
Log[;+x] + +

)/

a+bx

]

3 (—Log[§+x] +Log[§+x] + Log]|

c+dx

2a|(-bc+ad) Log S+x +d (a+bx) (Log[a+bx] -Log[c+dXx]
( ) tog[

d b b d
((bc-ad) (a+bx)) -2 Log[£+x] Log[M} +Polylog|2, —(c+ X) -
d -bc+ad bc-ad
d b b d
6 Polylog|3, M} - 6 PolyLog 3, M]
-bc+ad bc-ad

Problem 165: Result more than twice size of optimal antiderivative.

J\(ci+dix) (A+BLog[e (ﬁ)n])z
(

ag+bgx)?

dx

Optimal (type 3, 151 leaves, 3 steps):

B2 i n2 <c+dx)2

_4(bc—ad) g3 (a+bx)2_

Bin (c+dx)2 (A+BLog[e (M)n]) ) i <c+dx)2 (A+BLog[e (m>n])z

c+d x c+d x

2 (bc-ad)g?(a+bx)? 2 (bc-ad)g®(a+bx)?

Result (type 3, 582 leaves):

1 a+bx

]ZJrZBdZn(aerx)2

_ i [zszZn2 (c+dx)®Log|
4b? (bc-ad) g® (a+bx)? c+dx

a+bx

Log[a+bx] |[2A+Bn+2BLlog|e

J

2A?+2ABnN+B2n?+2B%Log|e

n a+bx
)]72BnLog[ ]

c+dx
a+bx

+2B (bcfad) n
c+dx

a+bx n a+bx

(ad+b (c+2dx)) Log| | -2BnLog]|

|+
)+2d (bc-ad)

} +

2A+Bn+2BLog[e(

c+dx c+dx

"1”_28n (24-8n) Log 12X

c+dx

<bC—ad)2 a+bx

c+dx c+dx

n

a+bx,2 a+bx

|"+2BLog[e

282n? Log| ](2A+Bn—ZBnLog[a+bX

c+dx]

n}2-2Bn (2A+Bn) Log[a+bX

c+dx c+dx

a+bx

(a+bx) [2A*+2ABNn+B*n?+2B%Log|e

c+dx
1)) -

Log[c +dXx]

c+dx
n

a+bx

a+bx a+bx

282 n? Log| }2+ZBLog[e

] [2A+Bn—ZBnLog[

c+dx c+dx

a+bx

c+dx
a+bx

]

2Bd2n<a+bx)2(2A+Bn+2BLog[e )n]—ZBnLog[

c+dx c+dx
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Problem 166: Result more than twice size of optimal antiderivative.

J‘(cierix) (A+BLog[e (%)n])z

dx
(ag+bgx)*
Optimal (type 3, 307 leaves, 7 steps):
B2din? (c+dx)? 2bB2in? (c+dx)?

+

4(bc—ad)2g4 (a+bx)2 27 (bc—ad)zg4 (a+bx)3

Bdin (c+dx)? (A+BLog[e (M)n]) _2bBin (c+dx)? (A+BLog[e (a+bx)n])

c+d X

Z(bc—ad)zg“<a+bx)2 9(bc—ad)2g4<a+bx)3

c+d x c+d X

di(c+dx)? (A+BLog[e (w>n])2 ) bi(c+dx)? (A+BL08{e (w)n”z

2 (bc-ad)®g* (a+bx)? 3(bc-ad)®g* (a+bx)’

Result (type 3, 10151eaves):



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 153

. a+bx,2
—1i

g4

(anz (-2bc*+3ac’d-3bc?dx+6acd’x+3ad’x*+bd’®x?) Log|

/

Bd?n (6A+5Bn+6B Logle (22X)"] -nLog[22X]))

c+d X c+d X

c+dx

(6 (-bc+ad)? (a+bx)?) + s

18b? (bc-ad) (a+bx)
n

a+bx ]—nLog[

a+bx
6A+5Bn+68B

Log[e

(Bd3nLog[a+bx]

]

c+dx c+dx

1
18 b2 (bc—ad) <a+bx)3

(18b% (bc-ad)?) +

a+bx
BnLog[c dx}
.

18Ab%>cdx+18aAbd?’x-3b?Bcdnx+15abBd’nx+6b>Bd>nx>-12b?Bc?

a+bx)\" a+bx
Log[e( | -nLog| ]
c+dx

n a+bx

| -nLog|

~12Ab?c>+6aAbcd+6a’Ad’>-4b’Bc®’n+5abBcdn+5a2Bd%n-

a+bx)\n a+bx

| -nLog|

}

+
c+dx

+6abBcd (Log[e

C+dx]

}) +18ade2x(Log[e(

c+dx c+dx

a+bx

6a’Bd” |Log|e -18b2Bcdx

c+dx

n a+bx

a+bx ]—nLog[

a+bx

Log[e (

1

| -nLog|

n a+bx )

c+dx c+dx c+dx

a+bx

c+dx

n a+bx

| -nLog|

(bc-ad) [9A2+6ABn+232n2+18AB +

Log|e

C+dx]

1)

IR
s )

27b2(a+bx)3 c+dx

) a+bx a+bx a+bx)" a+bx
6B“n ]—nLog[

Log|e +9 B2

]

2d [18A2+6ABn82 n2+36AB

)n] -nlLog|

Log|e

c+dx c+dx c+dx

n

c+dx
1

36 b% (a+bx

a+bx a+bx

Log[e

]—nLog[

+

c+dx c+dx

a+bx

a+bx n

6B2n a+bx }—nLog[aerx

Log|e

)n] -nLog|

]

+18B2 (Log[e (

c+dx c+dx c+dx

c+dx

a+bx)" a+bx

| -nLog|

[Bd3n [6A+5Bn+6B Log[e

]

Log[c +dx]
c+dx

c+dx

Problem 168: Result more than twice size of optimal antiderivative.

n 2

dx

a+bx

J(ag+ng)3 (ci+dix)2

A+BLlog|e (

c+dx

Optimal (type 4, 766 leaves, 17 steps):
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3B2 (bc—ad)5g3i2n2x B2 (bc—ad>2g3i2n2 (aerx)4 3 B2 (bc—ad)“g3i2n2 (c+dx)2
N _

+

20b2d3 69b3 40bd4
8 (bc ad)’@i?n? (cidx)® B(bc-ad)’gi’n(a+bx)’ (A+BLogle [22X]"]]
60 d* 99 b3 d
B(bc—ad)2g3izn(a+bx)4(A+BL0g{e($)n}) B
20 b3
) . sbx |\ N
B(bc—ad) g312n<a+bx) (c+dx) (A+BLog[e(ﬁ) ]) .
15 b?
(bc—ad)2g3i2 (a+bx)4(A+BLog[e(ﬁ)n])zJr
60 b3
. 4 +b n 2
(bc—ad)g3’12 (a+bx) (c+dx) (A+BLOg[e(ﬁ) ” .
15 b?
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6b
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B(bc—ad)6g3i2n(6A+11Bn+6BLog[e(%)n”Log[ﬁ} )
180 b3 d*

6 . d (a+b
B2 (bc—ad)6g3 i2n? Log[c +dx] B2 (bc-ad)®g®i?n?Polylog|2, b(j+d§)}

20 b3 d* 30 b3 d*

Result (type 4, 4611 leaves):
1

360 b3 d*

g3i2 |-12b°B?2c®n?2+84ab°B2c®dn?-252a’b*B?c*d’n?+240ab3B2c>d’>n?+12a*b?B2c?d*n?-

84a°bB2cd®>n?+12a%B?d®n?+360aA2b3c?d*x-12Ab°Bc’dnx+72aAb’>Bc*d’nx -
180 a2 Ab*Bc3d®*nx+60alAb3>Bc?d*nx+72a*Ab?Bcd’>nx-12a>AbBd®nx+
8b%B2c®dn?x-54ab’B2c*d’n?x+154a2b*B2c>d®>n?x-194a>b3B2c?d*n? x +
102a*b?B%cd®n?x-16a°bB>d®n? x + 540 a® A2 b* c2d* x?> + 360 a> A2 b3 c d° x% +
6Ab°Bc*d’nx?-36aAb’Bc3d®nx?-180a2Ab*Bc?d*nx?+204a3Ab>Bcd’nx?+
6a*Ab?Bd®nx?2-7b%B2c*d*n?x*+46ab’B2c3d®n?x?-60a2b*B2c?2d*n?x?+
10a3b3B2cd®n?x?+11a*b?B2d®n2x?+360aA2b’>c?2d* x> +720a%A2b*cd® x>+

12023 A2 b3 d® x> -4Ab®Bc3d®nx?-156aAb°Bc?d*nx®+84a2Ab*Bcd’  nx3+

76 a3 Ab3Bd®nx3+6b®B2c3d®n?x>+6ab°B2c?d*n?x3-30a%b*B2cd>n?x3+
18a3b>B2d®n? x>+ 90 A2b® c?d* x* + 540 a A’ b° c d® x* + 270 a? A2b* d® x* ~ 42 Ab®B c?2d*nx* -
36aAb’Bcd’nx*+78a2Ab*Bd®nx*+6b°B2c?d*n?x*-12ab°B>cd’n?x*+6a2b*B2d°n?x* +
144 A2b% cd®x®> + 216 aA2b> d® x° - 24 Ab®Bcd>nx® +24aAb>Bd® n x> + 60 A% b® d° x° -
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12ab®B*c>dn®Log[— + x| +72a’b* B2 c*d*n® Log|[ — + x| - 180 a>b*B?> c* d® n? Log| — + x| +
b b
a a a
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b d

c c
72a°bB?cd®n? Log[ — + x| Log[a+bx] +12a°B2d°n? Log|[ — + x| Log[a+bx] -
d d
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180 a* b2 B? c* d* n? Log| — + x| Log[g}+72a5szcd5n2Log[7+x] Log[Q -
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c+dx c+dx
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12b°B? c®n? Log| — + x| Log[c +dx] +72ab’B?c®>dn? Log| — + x| Log[c+dx] -
b b
a a
180 a2 b* B c* d? n? Log[ — + x| Log[c +dx] + 240 a%b*>B? > d® n? Log [ — + x| Log[c +dx] +
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c+dx
b d
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b d b d
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b d
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b (c+dx)

12a*B*d* (15b%> c>-6abcd+a”d?) n* Polylog|2,
bc-ad

]

Problem 169: Result more than twice size of optimal antiderivative.

a+bx)\n;)?2
}) dx

J(ag+ng)2 (ci+dix)2

A+BLlog|e (

c+dx

Optimal (type 4, 819leaves, 15steps):
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Result (type 4, 3366 leaves):
1
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Problem 170: Result more than twice size of optimal antiderivative.

2
dx
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J(ag+ng) (ci+dix)?|A+BLogle

c+dx

Optimal (type 4, 635 leaves, 14 steps):
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B(bc—ad)zgizn<c+dx)2<A+BLog[e($)n])

4b d?
B(bc—ad)gizn(c+dx)3(A+BLog[e(%)n”

N

6 d?

be-ad)755 (s 5)? (8.5 Log[e (22]7])
N

12 b3

(bc—ad)gi2 (aerx)2 (c+dx) (A+BLog[e (%)”})2
N
6 b?

g i2 (a+bx)2(c+dx)2(A+BLog{e($)n”2

4b
B(bc—ad)“gizn(A+Bn+BLog[e($)n})Log[ﬁ} 32<bc_ad)4gizn2Log[$}

6 b3 d? 12 b* d?

B2 (bc:—ad)‘lgi2 n2 Log[c +dx] B2 (bc—ad)“giz n? Polylog|2, f,(:iz)x()]

4 b3 g2 6 b3 d?
Result (type 4, 2518 leaves):
1
12 b3 d?
gi?|-2b*B?c*n?-2ab>B2c3dn?+12a’b?B?>c?d?n?-10a>bB>cd®*n?+2a*B2d*n?+12aA%b3?
d>x-2Ab*Bc®dnx-4aAb3Bc?d’nx+8a?Ab?Bcd®nx-2a>AbBd*nx+3b*B2c3dn?x-
7ab3B?2c?d*n?x+5a%b?B2cd®n?x-a*bB2d*n?x+6A%b*c?d?*x>+12aA?b3cd3x?-
5Ab*Bc?d®nx?+4aAb?Bcd®nx?+a2Ab?Bd*nx?+b*B2c?d®n®x?-2ab3B2cd®n?x?+
a’b?B?2d*n?x?2+8A%b*cd®x3+4aA’b3d*x*-2Ab*Bcd3 nx3+2aAb*Bd*nx3+
a a
3A2b*d*x*-2ab’B?cPdn?Log| — +x| -4a*b? B2 c2d?n? Log| — + x| +
b b
2

a a a
8a’bB?cd®n?Llog[—+x| -2a*B*d*n?Log| — +x| +6a?b?B?> c?d?n? Log[ — + x| -
b b

b
4a3szcd3n2Log[i+x}2+a482d4n2Log[§+x}2+2b482c“nzLog[ I

aln

c c c
4ab*B*c*dn’Log[— +x| -8a?b?B*c?d?n?Log| — + x| +2a*bB*cd’®n?Log| — + x| -
d d d
c c
b* B2 ¢* n? Log[—+x]2+4ab3B2c3dn2Log[7+x}2+12a2AbZBc2d2nLog[a+bx] -
d d

8a*AbBcd®*nlogla+bx] +2a*ABd*nlogla+bx] +5a%>b?B2c?d?’n?Llogla+bx] -
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a
6a’bB’cd®n’Llogla+bx] +a*B?d*n’Log[a+bx]-12a2b?B*c*d’n? Log| — +x| Log[a+bx] +
b
a a
8a’bB?cd®n?Log|— +x| Logla+bx] -2a*B2d*n? Log[ — + x| Log[a+bx] +
b b

12 a% b2 B2 c? d? n? Log[£+x] Log[a+bx] -8a®bB?cd®n? Log[£+x} Log[a+bx] +
d d

C C d(a+bx
2a*B?d*n? Log|[ — + x| Log[a+bx] -12a*b?>B? c>d? n” Log| — + X] Log[g +
d d -bc+ad
c d(a+bx c d(a+bx
8a’bB?cd®n?Log|— + x| Log[Q]fZa“Bzd“nzLog[erx} Log[g]Jr
d -bc+ad d -bc+ad
a+bx)\" a+bx\n
24aAb’Bc?d?x Log[e ’ | -2b*B*cGdnxLog|e ! -
c+dx c+dx
a+bx\n a+bx\n
4ab*B*c*d’nxlog|e : | +8a’b?B?cd®nxLog|e : -
c+dx c+dx
a+bx)\" a+bx)\n
2a°bB?d*nxLog|e : | +12Ab*Bc?d? x? Log|e : |+
c+dx c+dx
a+bx)\" a+bx)\"
24aAb’Bcd®x?Log|e : | -5b*B>c?d’nx?Log|e : ) +
c+dx c+dx
a+bx)" a+bx)"
4ab*B*cd’nx?Log|e : | +a?b?B?d*nx? Log|e - +
c+dx c+dx
a+bx\" a+bx)"
16Ab*Bcd®x? Logle | }+8aAb3Bd4x3Log[e( == -
c+dx c+dx
a+bx)" a+bx)"
2b*B2cd’nx’ Log|e : }+2ab3Bzd4nx3Log[e( . +
c+dx c+dx
a+bx)n a+bx)"
6 Ab*Bd* x* Log[e : )]+12a2b282c2d2nLog[a+bx] Log[e( : -
c+dx c+dx
a+bx)n a+bx)n
8a’bB’cd®nlogla+bx] Log|e : | +2a*B>d*nLog[a+bx] Log|e : |+
c+dx c+dx
a+bx)n a+bx)"
12ab3*B*>c?d? x Log[e : )]2+6b482c2d2x2Log[e( : 2
c+dx c+dx
a+bx)" a+bx)\"
12ab’B? cd®x? Log|e : )]2+8b482cd3x3Log[e : 2
c+dx c+dx
302 44,3 a+bx)n2 402 4.4 a+bx)m2 45 4
4ab’>B2d* X’ Log[e |"+3b*B?d*x* Log[e |"+2Ab*Bc*nloglc+dx] -
c+dx c+dx

8aAb>Bc3dnlog[c+dx] -3b*B2c*n?Log[c+dx] +2ab3>B>c3>dn?Log[c+dx] +

a
a’b?B? c?d?n?Log[c +dx] -2b*B*c*n? Log| — + x| Log[c+dx] +
b

a c
8ab®B2c®dn? Log[— + x| Log[c+dx] +2b*B?c*n? Log[— + x| Log[c+dx] -
b d

8ab3B2c3dn2Log[£+x} Log[c+dx] +2b*B2c*nLog[e a+bx n} Log[c+dXx] -
d c+dx
b d
8ab*B’c’dnlog|e arbx n]LOg[C+dX]+2b4Bzc4n2Log[i+x} Log| (c+dx) -
c+dx b bc-ad
b(c+dx) d(a+bx)

| +20°B*c® (bc-4ad) n?Polylog|2,

a
8ab®B2c®dn? Log[ — + x| Log]
b bc-ad -bc+ad
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b (c+dx)

2a’B’d? (6b*c?>-4abcd+a’d®) n’Polylog|2,
bc-ad

]

Problem 171: Result more than twice size of optimal antiderivative.
J(ci+dix)2

Optimal (type 4, 361 leaves, 11 steps):

n 2

dx

a+bx

A+BLogle

c+dx

B2 (bcfad)ziznzx 2B (bc—ad)zizn (a+bx) (A+BL08[€' (M)n”

c+d x B
3 b? 3b3
. 2 +b n . 3 b n 2
B(bc-ad)i?n (c+dx) (A+BLog[e(ﬁ) ” +12 (c+dx) (A+BLog[e(ﬁ) ]) )
3bd 3d
B? (bc‘ad)BiznZLOE[ﬁ} +B2 (bcfad)3i2n2Log[c+dx} X
3b3d b3d
ZB<bc—ad)312n(A+BLog[e<$)n”Log[l—%}
3b3d
2B% (bc-ad)’i%n2Polylog|2, fﬁﬁ]
3b3d
Result (type 4, 1589 leaves):
2
i? [ x [A+B |Log|e arbx n]7nLog[a+bX] +
c+dx c+dx
a+bx)y" a+bx 2
cdx? A+B(Log[e( | -nLog| ) +
c+dx c+dx
2
~d?x? |A+B |Log[e arbx n]—nLog[aerX] +
3 c+dx c+dx
) a+bx)" a+bx
2Bc n(A+B Log[e }—nLog
c+dx c+dx
a+bx (bc-ad) (adLogla+bx] -bclog[c+dx])
x Log| |+ +
c+dx b2cd-abd?
) a+bx)" a+bx 1 a+bx 1
2Bd n(A+B Log|e | -nLog| ] =% Log| -
c+dx c+dx 3 c+dx 6b3d3

(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx]+2b>c’Log[c+dx])

+

a+bx\" a+bx
4Bcdn A+B(Log[e( | -nLog|
c+dx c+dx
1 a+bx 1 x a’log[a+bx c?log[c+dx
= x? Log| . -~ (bc-ad) | —+ gla+bx] glerdxl )|,
2 crdx’ 2 bd b?(bc-ad) d?(bc-ad)
s 2 a+bx,2 1 a 2 C 2 a
BZc?n? |x Log| - — |-adlog[~+x] -bclog[~+x| +2adLlog[~ +x] Log[a+bx] -
c+dx bd b d b
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d(a+bx) )

c c
2adlog[— +x| Log[a+bx] +2adLog|[— +x] Log|
d d -bc+ad

a+bx a c
2adlog[a+bx] Log| ]—ZbcLog{g+x} Log[c +d x] +2bcLog[;+x}

c+dx
a+bx a b (c+dx)
Log[c+dx] +2bclog| | Log[c+dx] +2bclog|~+x] Log[——"] +
c+dx b bc-ad
d b b d
2bcPolylog|2, M} +2adPolylog|2, M} +2B2cdn?
-bc+ad bc-ad

a+bx,2 1
c+dx 2 b2 d?

+a’d? Log[§+x]2—

1
=x?Log

—1+Log[§+x]

{2d(bc+ad) (a+bx)
2b (bc-ad) (c+dx) (—1+Log{§+x]]+b2c2Log[§+x]2—2
]

2b2c? (Log[§+x} Log |

a C
Log| — +Xx| -Log| — + x| -
g[b+] g[d+]
a+bx

Log | (a?d*Logla+bx] -b (d (-bc+ad) x+bc*Log[c+dx])) -

c+dx

]
]

b(c+dx) d(a+bx)
7} +PolyLog[2, _
bc-ad -bc+ad

d(a+bx) b(c+dx>
————=] +Polylog[2, ——F
-bc+ad bc-ad

a+bx,2 1

2a%d? (Log[:er} Log |

J-

4d(-bc+ad) (bc+ad) (a+bx)

1 3
— X° Log
3 c+dx 6b3d3

B2 d? n?

—1+Log[§+x]

2a3d3Log{§+x]2+4b (bc-ad) (bc+ad) (c+dx)

—1+Log[§+x]) -

+

2b3c3Log[§+x]2+d2 (bc-ad)

bx (2a-bx) +2b2x2Log[§+x] -2a’Log[a+bx]

b*> (bc-ad)

dx (-2c+dx) —2d2x2Log[§+x] +2c?Log[c+dx]

a+bx
2

Log[Ser} —Log[§+x} —Log[

c+dx
(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx] +2b*>c®Log[c+dx]) +
b (c+dx) d(a+bx)
————L ] +polylog[2, ———F
bc-ad -bc+ad

d(a+bx) b (c+dx)
7} +PolyLog[2, _
-bc+ad bc-ad

+

I

Problem 172: Result more than twice size of optimal antiderivative.

J(ci+dix)2 (A+BLog[e (%)nnz

ag+bgx

4b3 3 (Log[erx} Log |

]

43°d? (Log[§+x} Log|

dx

Optimal (type 4, 572 leaves, 15steps):
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Bd (bc-ad)i?n (a+bx) (A+BLog[e (M)n})

c+d X
- +
b3g
) N 2, . 2
d(bc—ad) j2 (a+bx) (A+BLOg{e($)n]) +12 (c+dx>2(A+BLog[e($)n” +
b3 g 2bg
ZB<bc—ad)ziZn(A+BLog[e(%)n”Log[%] +BZ (bc-ad)?i%n? Loglc +dx] )
b3 g b3 g
B(bc—ad)zizn A+BLog[e($)nHLog[l—%] 7
b3 g
(bc-ad)?i? (A+BLog[e($)n})2Log[1—ﬁﬁ]
b3g
2B% (bc-ad)?i%n2Polylog|2, ‘ﬁii—g;‘ﬂ ) B2 (bc-ad)?i2n?Polylog|2, %} )
b3g b3 g
ZB<bc—ad)2iZn(A+BLog[e($)n”PolyLog[Z, 2—2:1—3’;5—}
N
b3g
2B% (bc-ad)?i%n2Polylog|3, fﬁﬁ]
b3 g
Result (type 4, 2784 leaves):
. a+bx\n a+bx,)?
i? |12bd (2bc-ad) x |[A+Blog|e | -BnLog| +
12b3g c+dx c+dx
2
6b? d? X2 (A+BLog[e 250X _Bnilog[2PX))
c+dx c+dx
) a+bx\" a+bx,\?
12 (bc-ad)”Log[a+bx] A+BLog[e( | -BnLog| -
c+dx c+dx
a+bx)\n a+bx a 2 a
24bBcn[A+BLog[e | -BnLog| || |adLog| = +x] -2adLog|— +x]
c+dx c+dx b b
(1+Log[a+bx1)+2{—bc+ad+Log[;+x} bc+adlogla+bx] -adLog|
a+bx b (c+dx)
(-bdx+adlog[a+bx]) Log| || -2adPolylog[2, ———]| +
c+dx bc-ad
12b*Bc?n |A+Blogle arbx n}—BnLog{aerx
c+dx c+dx
a 2 a [ a+bx
Log[— +x]|" -2Logla+bx] |Log|[— +x]| - Log[— +x] - Log| -
b b d c+dx
d b b d
2 Log[5+x} Log[M] +Polylog|2, M] ] +
d -bc+ad bc-ad
a+bx)\n a+bx
6Bn(A+BLog[e ]—BnLog[
c+dx c+dx

d (a+bx)

-bc+ad

+
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-4 a d? (a+bx>

—1+L0g[§+x]

+2a2d2Log[§+x]2+4abd (c+dx)

—1+Log[§+x]

d? (bx (2a-bx) +2b2x2Log[§+x} —2a2Log[a+bx}) -

a+bx

2d* (bx (-2a+bx) +2a’Log[a+bx])

+

Log[§+x] —Log[§+x] —Log[

c+dx

b2 dx(72c+dx)72d2x2Log[§+x]+2c2Log[c+dx] -
d b b d
4 3% d? (Log[c+x} Log[M} +Polylog|2, M] ] -
d -bc+ad bc-ad

a a 2
2—2Log[g+x} +Log[g+x}

8 bB?cn? [adLog[Z+x}33d (a+bx)

3b (C+dx)

c c 2
2-2Log|[~ +x| +Log[~ +x]
d d

2
+

a+bx

3d (bx-alog[a+bx])

—Log[§+x] +Log[§+x] + Log|

c+dx

c
6(ad+2bdxbdeog[+x}bcLog[c+dx]+
d

b d
Log[ier} (d (a+bx) +d (a+bx) Log{Eer} +(bc-ad) Log[M N
b d bc-ad
d b
(bc-ad) PolyLog|2, dfarbx) -3 Log[i+x]—Log[£+x]_Log[a+bx
-bc+ad b d c+dx
a a 2
[2bc+23d2d(a+bx) Log[g+x}+adLog[E+x} +
¢ d (a+bx) b (c+dx)
2log[~+x| |b(c+dx)-adLog| ———"]| -2adPolyLog[2, ——~
d -bc+ad bc-ad
b d d b
520 [Log[ % +x)" [og € +x] - tog[ =< X ] | 2 10g 2] petytog[2, T2
b d bc-ad b “bc+ad
d(a+bx) C 2 d(a+bx)
2PolyLog[3,— +3ad(LOg[—+X} Log[— N
-bc+ad d “bc+ad
b d b d
2Log[£+x} PolyLog[z, M} —2PolyLog[3’ M] J .
d bc-ad bc-ad

B2 n2 4a2d2Log[§+x]3—12ad2 (a+bx) 2—2Log[§+x]+Log[§+x]2 -
3d> (a+bx) [7a-bx+ (-6a+2bXx) Log[§+x]+2(afbx) Log[§+x]2 -

12abd (c+dx]

C C 2
2—2Log[7+x} +Log[7+x} )—
d d

3b% (c+dx) [7c-dx+ (-6c+2dX) Log[§+x] +2 (c-dx) Log[§+x]2) +
2
6d* (bx (-2a+bx) +2a’Log[a+bx]) —Log[i+x] +Log[£+x] +Log[a+bx -
b d c+dx

a+bx

6

]

Log[§+x} —Log[§+x} - Log|

c+dx
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-4 ad? (a+bx)

71+Log[§+x}

+2a2d2Log[§+x]2+4abd (c+dx)

[—1+L0g[§+x}) +d?

bx (2a-bx) +2b2x2Log[§+x] —2a2Log[a+bx}) +

b? dx(72c+dx)72d2x2Log[§+x}+2c2Log[c+dx} -
d b b d
4a%d? Log{£+x] Log[M]JrPolyLog[z, M} ]+
d -bc+ad bc-ad

c c
6 (2abcd+3b2cdx+33bd2xb2d2x22abd2xLog[+x] +b2d*x? Log[ — + x| -
d d

a’d?Log[a+bx] -b?c?log[c+dx]-2abcdLlog[c+dx] -

LOg[s+x} bd (2ac+bx (2c-dx)) -2d* (a®-b*>x?) Log[§+x]+
b d d b
(-2b*c?+2a%d?) Log[M] +2 (b%c? - a® d?) Polylog|2, dfa+bx) .
bc-ad -bc+ad
c a
4ad[ad+2bdxbdeog[d+x}bcLog[c+dx]+Log[b+x]
b d
~d (a+bx) +d (a+bx] Log[£+x]+<bcfad) Log[i<C+ X)}]+(bcad)
d bc-ad
d b b d
POlyLog[Z, M})—Zazdz Log[i+x]2 Log[£+x}—Log[M -
-bc+ad b d bc-ad
a d(a+bx) d(a+bx)
2 Log|— +x]| PolyLog[2, ————] +2PolyLog[3, ———| ||+
b -bc+ad -bc+ad
d b b d
1232 d? L°8[5+X]2Log[u}+2Log[£+x} PolyLog|2, M}f
d -bc+ad d bc-ad
b d
2 Polylog|3, M] J+
bc-ad
d b
4b%B?%c?n? Log[i+x]3+3Log[£+x}2Log[M N
b d -bc+ad
a C a+bx,)?
3logla+bx] |-Log[— +x]| +Log|[~ +x]| +Log]| +
b d c+dx
b d d b
3L0g[i+x]2 7|_Og[£+x] +Log[M}J +6L0g[i+X] POlyLOg[Z, M N
b d bc-ad b -bc+ad
C b(C+dX> a c a+bx
6Log[7+x] PolyLog[Z, 7]—3 Log[7+x]—Log[7+x]_Log[ ]
d bc-ad b d c+dx
d b b d
Log[i+x]272 Log[s+x] Log[u]+poly|_og[2, M}]]
b d -bc+ad bc-ad
d(a+bx) b (c+dx)

6 PolyLog|3, | -6PolyLog|3,

-bc+ad bc-ad

]

|

Problem 173: Result more than twice size of optimal antiderivative.
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dx

. . a+bx \ N 2

(ci+dix)? (A+BLog[e (ﬁ) ”
(ag+bgx)?

Optimal (type 4, 472 leaves, 11 steps):

7 B2 (bc—ad) i2 2 (c+dx) 2B <bc—ad) i2n (c+dx> (A+BLog[e (M)n})

B B c+d x
b>g? (a+bx) b?g? (a+bx)
d?i? (a+bx) (A+BLog[e($)”})2 (bc-ad)i? (c+dx) (A+BLog[e (ﬁ)"})z
- +
b3 g2 b?g? (a+bx)
2Bd (bc-ad) i2n<A+BLog[e($)n”Log[ﬁ}
b3g2
2d (bc-ad) i? (A+BLog[e(%)n})zLog[l—%]
b3g2 i
28%d (bc-ad) i2n? PolyLog|2, %]
b3g2
48d (bc-ad) 12n(A+BLog[e($)n”PolyLog[Z, ﬁﬂ
b3g2 ’
4B2d (bc—ad) i2 n2 PolyLog[?a, :ﬁﬁ;—]
b3g2
Result (type 4, 3257 leaves):
. . . 2
dzlzx(A+B(Log[e(%)n}—nmg[ﬁ}))
ngZ
2d (bc-ad)i?Logla+bx] (A+B [Log[e (22X)"] -nLog[=2*]] )" ) 1
b3 g2 b*g? (a+bx)
[AzbzczinrZaAzbcdizaZAZdZiZ2Aszczi2 Log[e arbx n}fnLog[aHbX] +
c+dx c+dx
) a+bx)\" a+bx .
4aAbBcdi? |Log[e | -nLog] })—ZaZAdel2
c+dx c+dx
2
Log[e a:bx n}—nLog[aHbX} -b2B%c?i? (Log[e a:bx n]—nLog[aHbX}) +2abB?
c+dx c+dx c+dx c+dx
2 2
cdi? |Log|e a+bx)n]—nLog[a+bX -a’B%d?i? (Log[e arbx n]—nLog[aHbX}) )+
c+dx c+dx c+dx c+dx

a+bx

(Bzczizn2 (—2bc+2ad—2d(a+bx) Logla+bx] + (-2bc+2ad) Log| y ] -
c+dx

b 1

ar0Xy2 /(b(bc—ad)g2 <a+bx))+g—2

b (c+dx) Log| |"+2d (a+bx) Log[c+dXx]

c+dx
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2 x) (Log[2 +x] +Log[2+x]?
2Bczizn(A+B Log|e 2 0x)” -nlog 2:bx *(b ( Tkl - ])
c+dx c+dx <a+bx)2Log[§+x}
(5]
b (§+x) Log{7+x} Log{l— —a+7)]
“a bc)z ! " a < a bx
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Problem 174: Result more than twice size of optimal antiderivative.

J(ci+dix)2 (A+BLog[e (%)n})z

(ag+ng)3

dx

Optimal (type 4, 417 leaves, 10 steps):
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Problem 175: Result more than twice size of optimal antiderivative.
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Problem 176: Result more than twice size of optimal antiderivative.
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Result (type 3, 982 leaves):
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Problem 177: Result more than twice size of optimal antiderivative.

J\(ci+dix)2 (A+BLog[e (ﬁ)n}>2

(ag+bgx)®

dx

Optimal (type 3, 493 leaves, 9steps):
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Result (type 3, 1107 leaves):
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1
54000b> (bc-ad)’g® (a+bx)®
i? |-1800b°B*n? (c+dx)’ (10a?d*+5abd (-3 c+dx) +b? (6c2—3cdx+d2x2)>Log[a+zX 2,
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60Bd°n (a+bx)’Logla+bx] [60A+47Bn +60B Log[e(a+bx n]_nLog["“*bX} _
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20d? (bc-ad)® (a+bx)® 960 A% + 60 AB N - 43 B2 n” + 900 B2 Log [e +ZX -
c+dX
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c+dx c+dx

a+bx)\" a+bx a
60B Log|e }(30A+Bn-3esnLog[ ||]-135d (bc-ad)* (a+bx)
c+dx c+dx
a+bx\" 2 a+bx
(200A2+60ABn+7BZn2+20052Log[e )] -20Bn (20A+3Bn) Log| +
c+dx c+dx
a+bx,2 a+bx)\n a+bx
200 B% n? Log | |"+20BLog|e ) ] [20A+3Bn—20BnLog[ }) - 432
c+dx c+dx c+dx
(bc-ad)® [25A7+16ABn+282n?+ 2582 Log[e [2%|"|* _108n (5A~Bn) Log| 2% -
c+dx c+dx
a+bx;2 a+bx)" a+bx
2582 n? Log| |"+10BLog|e }(5A+Bn—5BnLog[ +
c+dx c+dx c+dx
6GB(bc—ad)nLog[a+zX] 30Bd® (bc-ad)n (a+bx)®-60Bd*n (a+bx)*+
c+dX
3 a+bx)\n a+bx
45d (-bc+ad)’ (a+bx) [20A+3Bn+20BLog|e | -20BnLog| -
c+dx c+dx
4 a+bx)\n a+bx
72 (bc-ad) (5A+Bn+5BLog[e | -58BnLog| })7
c+dx c+dx
20 d? (bc—ad)z(aerx)2 30A+Bn+308B |Log|e a+bx n}—nLog[aHbX ]+
c+dx c+dx
5 5 a+bx)" a+bx
60Bd°n (a+bx)” |60A+47Bn+68B |Log|e | -nLog| ||| Loglc+dx]
c+dx c+dx

Problem 178: Result more than twice size of optimal antiderivative.

2
dx

a+bx\"

A+BlLog[e

Jwag+ngf(ci+dixf

c+dx

Optimal (type 4, 1172 leaves, 22 steps):

SBZ(bc—ad)6g3i3n2x Bz(bc—ad>3g3i3n2(a+bx)4 2982<bc—ad)5g3i3n2<c+dx)2
84 b3 d3 : 140 b ) 840 b2 d*

47BZ(bc—ad)“g3i3‘n2(c+dx)3 1382(bcfad)3g3i3n2(c+dx)4

1260 b d* 420 d*

+

+
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b B2 (bc—ad)2g3i3n2 <c+dx)5 B (bc—ad)4g3i3n (a+bx)3 (A+BLog[e (w)n])

) c+d x _
105 d*4 210 b*d
38<bc—ad)3g3i3n(a+bx)4(A+BLog[e($)n})
140 b* 7
B (bc—ad)zg3i3n (a+bx)4(C+dX> (A+BLog{e($)n])
35 b3 +
ZB<bc_ad)4g3i3n(c+dx>3(A+BLOg[E($)n})
21bd*
3B<bc—ad)3g3j-3n(C+dx>4(A+BLOg[e($)n})
14 d* +
6bB<bC—ad)2gsi3n(C+dX>5(A+BL0g[e($)n}>
35 d4 _
bZB(bc,ad>g3i3n(c+dX)6(A+BLOg[e($)n})
21 d* )
(bc—ad)3g3i3 (a+bx)4(A+BL0g[e(%)n])z+
140 b*
(bc-2d)?e# (a+bx)* (crdx) (areLog[e (252)"))’
c+d x i
35 b3
. s " 2
(bc—ad) g3 i3 (a+bx>4<c+dx>2(A+BL0g[e(ﬁ) ]) .
14 b2
g3 i3 (a+bx)4(c+dx>3(A+BLog[e($)n])2+
7b
B(bc_ad)sggian(a+bx)2(3A+Bn+3BLog[e($)n])
420 b* d? _
B(bc-ad)®g*i’n (a+bx) (6A+SBn+6BLOg[e(ﬁ)n])
420 b* d3 _
B(bc—ad)7g3i3n(6A+11Bn+6BLOg[e($)n”Lo{g[ﬁ]
420 b* d*
o (bc-24)7g 0 Log [ 12] 1182 (bc-ad) g 2 Loglcdx
210 b% d* 420 b* d*
B2 (bcfad)7g3 i3 n? PolyLog[Z, —(—)‘E (:Z;}
70 b* d*

Result (type 4, 5652 leaves):
1

g3 3
2520 b* d*

1
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201a*b>B%2cd®n?x?-27a°b?B?d’ n?x%+2520aA%2b® c3d* x> + 7560 a2 A2 b° c? d° X3 +
25203 A2b* cd® x®*-12Ab’Bc*d3>nx®-1176 aAb®Bc3d*nx® +1176 a3 Ab*Bcd®n x® +
12a*Ab3Bd' nx3+22b"B2c*d®>n?x>+152ab®B2c3d*n? x> -348a%b°B2c?d>n?x3 +
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882a2Ab°Bcd®nx*+306a3Ab*Bd’ nx*+60b’B2c3d*n?x*-60ab®B%c?d>n?x*-
60a2b°B2cd®n?x*+60ab*B2d’ n?x*+ 1512 A% b7 > d° x° + 4536 a A2 b® c d® x° +

1512 a2 A?b°>d’ x° -360Ab’ Bc2d>nx>+360a2Ab>Bd’ nx>+24b”B?c?d’n?x° -

48 ab®B2cd®n?x° +24a2b>B%2d’ n? x° + 1260 A2b” c d® x® + 1260 a A% b® d” x® -
120Ab7Bcd6nx6+120aAb6Bd7nx6+360A2b7d7x7—36ab6B2c6dn2Log[§+x} +

a a a
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b b b
a a a
252a6szcd6n2Log[—+x]+36a7BZd7n2Log[—+x]+639a4b382c3d4n2Log[—+x]2—
b b b
512 Rp2 ~2 45 12 a 2 6 R2 ~ 46 2 a 2 7 R2 47 12 a 2
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c c c
36 b7 B2 c’n? Log[— +x] - 252ab®B? c®dn? Log|[ — + x| + 756 a* b> B2 ¢® d? n? Log| — + x| -
d d d
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756 a* b> B2 c* d* n? Log| — + x| +252a° b? B2 c?d®° n? Log| — + x| -36a®bB? c d®n? Log| — + x| -
d d d
7R2 o7 2 ¢ 2 6p2 6 42 c 2 215 R2 -5 42 02 c 2
18b"B“c’ n Log[—+x] +126ab®°B“c”dn Log[—+x} -3782a“b>B“c>d“n Log[—+x} +
d d d
c
630a3b4Bzc4d3n2Log[f+X}2+1260a4Ab3Bc3d4nLog[a+bx]—
d
756 a° Ab?Bc>d°nLogla+bx] +252a®AbBcd®nLlog[a+bx]-36a’ABd’ nLog[a+bx] -

18a2b°B2c’d’n?Log[a+bx] +114a>b*B2c*d®>n? Log[a +bx] +
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a
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b
a a
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b b
a c
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b d

c c
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d d

d b
36a’ B2d’ n? Log[g+x] Log[a+bx] -1260 a* b3 B? 3 d* n? Log[£+x] Log[M N
d d -bc+ad
d{a+b d(a+b
75635b282c2d5n2|_0g[£+x} Log[M}_252a6bB2cd5n2Log[£+X] Log[ (a+ X>]+
d -bc+ad d -bc+ad
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c+dx c+dx
a+bx)\" a+bx)\"
12a%b°B2d"nx® Logfe [ | | +1260Ab7 B d*x* Log[e | +
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b b
c c
36 b7 B2 c’n? Log|— + x| Log[c+dx] -252ab®B?c®dn? Log|— + x| Log[c+dx] +
d d

c c
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d d

36 b7 B¢’ nLog|e a+bx n} Log[c+dx] -252ab®B*c®dnlLog|e arbx n] Log[c+dx] +
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756 a2 b® B2 c> d? n Log|[e n] Log[c+dx] -
c+dx
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1260 a® b* B2 c* d®> n Log|[e | Loglc+dx] +36b”B2c’ n? Log| — + x| Log| ——"] -
c+dx b bc-ad
b d b d
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b bc-ad b bc-ad
b d
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b bc-ad
d(a+bx>
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Problem 179: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 976 leaves, 20 steps):
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Result (type 4, 4611 leaves):
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Problem 182: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 762 leaves, 26 steps):
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Problem 183: Result more than twice size of optimal antiderivative.
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Problem 184: Result more than twice size of optimal antiderivative.
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Problem 185: Result more than twice size of optimal antiderivative.

J\(ci+dix)3 (A+BLog[e (ﬁ)n}>2

(ag+bgx)*

dx

Optimal (type 4, 561 leaves, 13 steps):
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Problem 186: Result more than twice size of optimal antiderivative.

J\(ag+ng)3 (A+BLog[e (%)HHZ

ci+dix

dx

Optimal (type 4, 768 leaves, 25 steps):
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Problem 187: Result more than twice size of optimal antiderivative.
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(dx-clog[c+dx])-6|ad+2bdx-bdxLog|~+x]-bclog[c+dx]+
d

b d
LOg[Eer} —d(a+bx)+d(a+bx) Log[£+x}+(bc—ad) Log[M +
b d bc-ad
d b
(bc-ad) PolyLog[Z,M +3 Log[i+x]fLog[£+x]7Log[a+bx}
-bc+ad b d c+dx
[2d(a+bx) *1+L03[E+X] +2b(c+dx) 71+Log[§+x} —bcLog[£+x}2+
a b (c+dx) d(a+bx)
2bc LOE[_‘rX} LOg[7}+PolyLog[2, 7] J_
b bc-ad -bc+ad
b d d b
3bc Log[i+x]2Log[M}+2Log[i+x} PolyLog|2, dfa+bx) _
b bc-ad b -bc+ad
d b d b
2PolyLog{3,M +3bc Log[£+x}2 Log[iﬂ(]_Log[M
-bc+ad d b -bc+ad
b d b d
2L0g[£+x} PolyLog|2, M} +2Polylog|3, M] ) -
d bc-ad bc-ad

B>n? |12bcd (a+bx) 2—2Log[§+x} +Log[§+x}2) +3d?> (a+bx)

(7a—bx+ (-6a+2bx) Log[§+x] +2 (a-bx) Log[s+x]2) -

+

c c 2
2-2Llog[~ +x]| +Log[~ +x]
d d

4b2c2Log[§+x]3+12b2c (c+dx)
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3b? (c+dx)

7c-dx+ (76c+2dx) Log[§+x] +2 (c—dx) Log[§+x]2

2

a+bx (dx (-2c+dx) +2c®Log[c+dx]) +

6 b?

—Log[erx} +Log[§+x} +Log[

c+dx

6 (Log[§+x} —Log[§+x} - Log|

~4bcd (a+bx) (—1+Log[§+x}) +4b>c (c+dx) [—1+Log[§+x}) -

+

2b2<:2Log[§+x}2+d2

bx (2a-bx) +2b2x2Log[§+x} -2a’log[a+bx]

b? [dx (-2c+dx) —2d2x2Log[§+x} +2c2Log[c+dx}) +

b d d b

4 b% c? Log[§—+x] Log[AAEiiggil]A+PolyLog[2, <aer)}J]

b bc-ad -bc+ad

b d d b
12 b2 2 Log[i+x]2Log[u}+2Log[i+x} PolyLog[Z, M _
b bc-ad b -bc+ad

d b
2 Polylog|3, M -6|2abcd+3b>cdx+3abd*x-b2d?>x?-

-bc+ad

c c
2abd?*xLog|[— +x| +b?d?x? Log[ — + x| -a*d* Log[a+bx] -b?c?Log[c+dx] -2abc
d d

a
dLog[c +dx] 7Log[g+x]

bd (2ac+bx (2c—dx>) -2d? (az—b2x2> Log[§+x} +

b d d b
(-2b*c*+ 22 d?) LOg[LX)] +2 (b*c® - a®d?) Polylog|2, d(arbx) ]+
bc-ad -bc+ad
¢ a
4bc[ad+2bdx—bdeog{g+x}—bcLog[c+dx]+Log[E+x]
b d
-d (a+bx) +d (a+bx) Log[£+x]+<bc—ad) Log[i<c+ d +(bc-ad)
d bc-ad
d b d b
PolyLog|2, M}]szcz Log[Eer]2 Log[ier}fLog[M
-bc+ad d b _bc+ad
b d b d
2Log[£+x] PolyLog[z, M] +2Poly|_og[3, M} ]]]
d bc-ad bc-ad

Problem 188: Result more than twice size of optimal antiderivative.

J(ag+ng) (A+BLog[e (ﬁ)n])z

dx
ci+dix

Optimal (type 4, 303 leaves, 9steps):
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g (a+bx) (A+BLog[e (%)n])z ) 2B (bc-ad)gn <A+BLog[e (%)n” Log[ﬁ]
di

d?i
(bc-ad) g (A+BLog[e (%)n})zmg[ﬁ] 282 (bc-ad) gn?Polylog|2, %]

+ +
d?i d? i

25 (b 2] gn (A BLog[e [22]']) Potytog[2, £

d?i

28 (bc-ad) gn?Polylog3, T2

d?i

Result (type 4, 1367 leaves):

n

a+bx ]7BnLog[

a+bx,)2

g[dex

A+Blogle

3d2i c+dx

c+dx

a+bx)\n +bx,)2

]—BnLog[a ]
c+dx

a+bx
]

Log[§+x} 7Log[§+x} - Log|

3 (bc-ad) [A+BLog[e

Log[c+dx] -

c+dx

a+bx)\"
3aBdn(A+BLog[e( | -BnLog|
c+dx

c+dx

a+bx

C 2
(LOg[EJrX} +2

Log[c+dx] -
1]]-
c+dx

[—Zd (a+bx) (—1+Log[§+x]] +2b (c+dXx) (—1+Log[§+x]) —bcLog[§+x]2+

c+dx]

d(a+bx)
| +Polylog[2, ——
bc-ad -bc+ad

a+bx)\" a+bx
) | -BnLog|

b d
2 Log[§+x} Log[M

3Bn (A+BLog[e

c+dx

a+bx
2b

Log[§+x] —Log[§+x] - Log|

(dx-clog[c+dx]) +
c+dx

b d d b
2bc Log[§+x] Log[u] +Polylog[2, M

bc-ad -bc+ad
d(a+bx)
-bc+ad

+

aB2dn?

Log[§+x]3+3Log[§+x}2

—Log[§+x} + Log|

+

2

a+bx a 2
Log[c +dx] +3Log[g+x] Log|

3

b d
—Log[§+x]+Log[§+x]+Log[ M

]

c+dx
d(a+b
6Log[i+x] PolyLog|2, M] +3
b -bc+ad

Log[§+x] —Log[§+x] —Log[a+bx

b (C+dx>
bc-ad

d b
| - 6PolyLog|3, dlarbx)
bc-ad -bc+ad

Log[§+x]2—2

Log[s + x| Log| | +PolyLog|2,

b d
PolyLog|2, M | -6PolyLog|3,

BZn? |3d (a+bx)

a a 2
2-2Llog|~ +x] +Log|— +x]|
b b

—bcLog[§+x}3+3b (c+dx)
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a+bx,)2

+3b

(2—2Um[§+x}+ug[§+xr —ug[§+x]+ug[§+x]+mg[

c+dx

c
(dx-clog[c+dx])-6|ad+2bdx-bdxLog|~+x]-bclog[c+dx]+
d

b<c+dx>
bc-ad

+

Log[ > +x] |-d (a+bx] +d (a+bx) Log[ _+x] + (bc-ad) Log|

d (a+bx)

-bc+ad

a+bx
+3 }

(bc-ad) PolyLog|2, Log[§—+x]4—Log[§f+x] - Log|

c+dx

C C 2
+2b (c+dx -1+L°g[E+X}) ~belog[ - ex] s

1]]-

d <a+bx)

[—Zd <a+bx) —1+L0g[§+x]

b d d b
——Qii——il} +PolylLog|2, ——Eii——il

2bc
bc-ad -bc+ad

Log[§-+x}Log[

b d
3bc M} +2Log[i+x} PolyLOg[Z,

bc-ad b “bc+ad
d<a+bx)

-bc+ad

|

Problem 189: Result more than twice size of optimal antiderivative.

J‘(A+BLog[e (ﬁ)"])z

ci+dix

Log[§—+x]2Log[

d (a+bx)

-bc+ad

c 2 a
2 Polylog|3, +3bc Log[a-+x} Log[;-rx]—Log[

b(c+dx) b(c+dx)
——] +2PolyLog[3, ———+
bc-ad bc-ad

]

2Log[§-+x}PolyLog[2,

dx

Optimal (type 4, 137 leaves, 4 steps):

estenle (232" el 5

c+d X (c+d x)
di
a+bx \ N d (a+bx 2.2 d (a+bx
ZBrw(Aa-BLog[e (Zﬂ:) ]) PolyLog|2, ;f;;;f] 282 n?PolyLog|3, ;t;;;?}
+
di di

Result (type 4, 537 leaves):
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a+bx 2

n a+bx
3(A+BLog[e )]—BnLog[ || Loglc+dx] -
3di c+dx c+dx
a+bx)\n a+bx
BBn[A+BLog{e | -BnLog| ]
c+dx c+dx
C 2 a C a+bx
Log[— +x| +2 |Log|[—~ +x] - Log|[— +x]| - Log]| || Log[c+dx] -
d b d c+dx
b d d b
2 Log[i+x] Log[u]+PolyLog{2, M +
b bc-ad -bc+ad
d b
B2 n? (Log[£+x}3+3Log[£+x]2 7Log[i+x]+Log[M
d d b -bc+ad
a C a+bx,)\2 a 2 b(c+dx>
3 |-Log[—+x]| +Log[— +x] + Log| || Loglc+dx] +3Log|[—+x]| Log[———"] +
b d c+dx b bc-ad
d b
6Log[3+x} PolyLog|2, d(arbx) X)}+3 Log[i+x}7Log[£+x}fLog[a+bX
b -bc+ad b d c+dx
b d d b
[Log[£+x}2—2[Log[i+x} Log[i(or X)}+P01yLog[2, 7(a+ X>] +6Log |~ + x|
d b bc-ad -bc+ad
b d d b b d
PolyLog|2, M] -6 Polylog|3, M] - 6Polylog|3, M] ]
bc-ad -bc+ad bc-ad

Problem 191: Result more than twice size of optimal antiderivative.

J (A+BLog[e (%)n])z

(ag+ng)2 (ci+dix)

dx

Optimal (type 3, 199 leaves, 7 steps):

2bB2n? (c+dx) 2bBn (c+dx) (A+BLog[e($)n})
(bc-ad)?®g?i (a+bx) (bc—ad)zgzi(a+bx)
b (c+dx) (A+BLog[e($)nH27d A+BLog[e($)nH3
(bc-ad)?g?i (a+bx) 3B(bc-ad)’g?in

Result (type 3, 793 leaves):
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B2 dn? Log[ﬁ}3 2BnLog[$} (A+Bn+B (Log[e (%)n] —nLog[w]))
N

B c+d x c+d x
3(bcfad)2g2i (7bc+ad) gzi(a+bx)
(Log[a“bx]z[7aABdnbe2cnzfAdenxbeZdnzxfaBZdn
c+dx
a+bx)\n a+bx a+bx)\n a+bx
(Log[e( | -ntLog] || -bB*dnx |Log[e | -nLog| ] /
c+dx c+dx c+dx c+dx
((-bc+ad)®g?i(a+bx)) -A2-2ABn-232n2_2AB(Log[e(a+bx " “nLog[ 22X -
c+dx c+dx
B2 n Log[e a+bx n}—nLog[aHbX] g2 (Log[e(a+bx n]—nLog[aerX} 2)/
c+dx c+dx c+dx c+dx
((bcfad)gzi<a+bx))7;dLog[a+bx}
(bc—ad)zgzi
a+bx)\n a+bx
[A2+2ABn+2B2n2+2AB Log|e | -nLog| e
c+dx c+dx
2
2B%n |Log|e a+bx n}—nLog[aerX] + B2 (Log[e arbx n]—nLog[aerX} J+
c+dx c+dx c+dx c+dx
1 a+bx)\" a+bx
— [A2+2ABn+ZBZn2+2AB Log[e( -nlog || +28%n
(bc-ad)?g?i c+dx c+dx
a+bx)y" a+bx ) a+bx)" a+bx,)?
(Log[e | -ntLog] })+B Log|e )]7nLog[ ] Log[c +dx]
c+dx c+dx c+dx c+dx

Problem 192: Result more than twice size of optimal antiderivative.

J‘ (A+BLog[e (%)"])2
(

ag+ng)3 (ci+dix)

dx

Optimal (type 3, 369 leaves, 9steps):

4bB2dn? (c+dx| b2B2n? (c +dx)> 4bBdn (c+dx) (A+BLogle (22|
_ N _
(bc—ad)3g3i(a+bx) 4(bc—ad)3g3i(a+bx)2 (bc—ad)3g3i(a+bx)

A+BlLogle (M)n})z

c+d X

b2Bn (c+dx)® (A+BLlogle (22X)"]) 2bd (c+dx)
N :

2(bc—ad)3g3i(a+bx>2 (bc—ad)3g3i(a+bx>

o (cox) (acotoale [£22)]]" o s stoale (122]"))

c+d X c+d X

2(bc-ad)’g*i(a+bx)? 3B(bc-ad)’g’in

Result (type 3, 975leaves):
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1
12 (bc-ad)’g’i (a+bx)?

4B%2d?n? (a+bx)2Log[a+bx]3+6BnLog[a+bX 2
c+dx c+dx

2a’?Ad?>-b?>Bc®n+4abBcdn+4aAbd?*x+2b?Bcdnx+4abBd’nx+2ADb%d*x%+

n a+bx

-2Bd?n (a+bx)?Log|

a+bx
3b2Bd?nx?+2Bd? (a+bx)2Log[e( :

c+dx
c+dx]

2B (-3ad+b (c-2dx)) Log|e

c+dx
a+bx

6B (bc-ad)nlLog| 2Abc-6aAd+bBcn-7aBdn-4Abdx-6bBdnx+

n

a+bx
] +2Bn (-bc+3ad+2bdx) Log|

a+bx

c+dx c+dx )
3(bc-ad)z[2A2+2ABn+BZn2+2BZLog[e 200X1M2 2Bn (2a+8n) Log[ 22X .
c+dx c+dx
232n2Log[a+bx}2+25Log[e arbx n] [2A+Bn—ZBnLog[a+bX] +6d (bc-ad)
c+dx c+dx c+dx
(a+bx) [2A>+6ABN+7B>n*+ 2B Log|e arbxy? 2-25n(2A+3Bn) Log[a+bx]+
c+dx c+dx
2an2L0g[a+bX}2+2BLog[e a+bx)“] [2A+38n—ZBnLog[a+bX] L6 (a+bx)2
c+dx c+dx c+dx
Log[a+bx] 2A2*6AB"+7BZ"2+232L0g[e(a+bx n]Z*ZBn(2A+3Bn> Log[a+bx}+
c+dx c+dx
a+bx,2 a+bx)\n a+bx
282n? Log| |"+2BLog[e ][2A+3Bn—ZBnLog[ 1] -
c+dx c+dx c+dx
6d” (a+bx)* |2A7 +6ABN+7B%n’+ 28 Log|e a+bx)n] “28n (2A+38n) Log] 2]
c+dx c+dx
a+bx,2 a+rbx\" a+bx
282n? Log | |"+2BLog|e ]{2A+3Bn—ZBnLog[ ]| Logc+dx]
c+dx c+dx c+dx

Problem 193: Result more than twice size of optimal antiderivative.

J\ (A+BLog[e (ﬁ)n])z

(ag+bgx)* (ci+dix)

dx

Optimal (type 3, 543 leaves, 11 steps):

| 233
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6bB2d*n? (c+dx| ?,szZdnz(Cerx)2
_ N _
(bc-ad)*g*i(a+bx) 4 (bc-ad)*g*i(a+bx)?
2 b3 B2 n2 (c+dx>3 6de2n(c+dx) (A+BLog[e(%)n])
- +
7 (bc-ad)*g*i(a+bx)? (bc-ad)*g*i (a+bx)

soisan (c-ax)® (1 siogle [22)']] 2w8n (e ax)’(a:srogle [222]']

c+d X c+d X

2(bc—ad)“g“i(a+bx)2 9(bc—ad)4g4i(a+bx)3

3bd? (c+dx) (A+BLog[e (m>n])z 3b%d (c+dx)? (A+BLog[e (M)n])z _

c+d x c+d X

(bc—ad)4g4i(a+bx> 2(bc—ad)4g4i(a+bx)2

0 (c+dx)” (A+BLogle (22X)"])" o (a+BLog[e [22X)"])]

c+d X c+d X

3(bc-ad)*g*i (a+bx)’ 3B(bc-ad)*gtin

Result (type 3, 1295 leaves):
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1

108 (bc-ad)*g*i (a+bx)?
a+bx

3 a+bx,2
(3682d3n2(a+bx)3Log[ |”+18BnLog]| ] (6a3Ad3+2b3Bc3n-9ab23c2dn+
c+dx c+dx
18a’bBcd’n+18a’Abd3>x-3b3Bc?dnx+18ab?Bcd’nx+18a’bBd>nx+

18aAb?d®*x?+6b3Bcd’nx>+27ab?Bd®nx?+6Ab3d>x3+11b3Bd3nx3 +

6Bd> (a+bx)’ Log[e a+bx n}76Bd3n(a+bxflpg[a+bX] -3d(bc-ad)? (a+bx)
c+dx c+dx
a+bx\", 2 a+bx
(18A2+30ABn+1932n2+1SBZLog[e -6Bn (6A+5Bn) Log| |+
c+dx c+dx
a+bx;2 a+bx)n a+bx
18 B% n? Log]| |"+6BLog[e ](6A+SBn—GBnLog[ K
c+dx c+dx c+dx
6d* (bc-ad) (a+bx)? |18A2+66ABN+85B2n”+18B2 Log|e a+:X "2 -
c+dX
6Bn (6A+11Bn) Log| 2% ] + 1882 n? Log| = 2%]
c+dx c+dx
a+bx)\" a+bx 3 3
6B Log|e ]{6A+118n—GBnLog[ ||| +6d®(a+bx)®Logla+bx]
c+dx c+dx
(18A2+66ABn+8532n2+1832Log[e(a+bx "1” 68n (6A-118n) Log[ 22X,
c+dx c+dx
a+bx,2 a+bx)\" a+bx
18 B> n* Log| |"+6BLogle ) ] {6A+113n—63nLog[ +
c+dx c+dx c+dx
a(bc-ad)? (oA 6aBn: 2820298 Logle |2 2%|"]* 6Bn (3a+8n) Log[ 2 2X]
c+dx c+dx
a+bx,2 a+bx)" a+bx
982 n” Log| ] +6BLog[e( }(3A+Bn-3BnLog[ }) +6B (bc-ad)n
c+dx c+dx c+dx
a+bx a+bx)\" a+bx
Log| ] [3d(-bc+ad) (a+bXx) 6A+SBn+6BLogh( | -6BnLog| e
c+dx c+dx c+dx
) a+bx)" a+bx
6d? (a+bx)? |6A+11Bn+6BLog|e | -6BnLog| +
c+dx c+dx
4(bc7ad)2[3A+Bn+BBLog[e arbx n}73BnLog[a+bX] )—6d3 (a+bx)?
c+dx c+dx
a+bx)\" 2 a+bx
(18A2+66ABn+85BZn2+1SBZLog[e( -6Bn (6A+11Bn) Log| |+
c+dx c+dx
a+bx a+bx

2 n a+bx
18 B n? Log]| |"+6BLog[e ][6A+1an—6BnLog[ ||| Loglc+dx]

c+dx

c+dx c+dx

Problem 194: Result more than twice size of optimal antiderivative.

V((ag+ngf(A+BLogk(fﬁ§V}f

(ci+dix)?

dx

Optimal (type 4, 770leaves, 18 steps):
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2AB(bc—ad)2g3n(a+bx> 2 B2 (bc—ad)2g3n2(a+bx)

d>i? (c+dx) d*>i? (c+dx)

+

5 B2 (bc—ad)2g3n (a+bx) Log[e (m)"] ) bB (bc—ad) g3n <a+bx> (A+BLog[e (m)"”

c+d X c+d X

d3i? (c+dx) d3 i?

3b<bc—ad)g3 (a+bx) (A+BLog{e(M)"})2 (bc—ad)2g3 (a+bx) (A+BLog[e(w)n])z

c+d x c+d x

d? 12 i d? 2 (c+dx| '

2 (003" (x-siogle [132]7]]° 08 (oc-ad) et (a-siosfe [222]"] Lol te2t

c+d X c+d x (c+d x)

2d4i? d*i?

+ 2 -
3b(bc-ad)’g’ (A+BLog[e (%)n” Log[bb;j;] X bB% (bc-ad)?g*n?Log[c+dx]

+

d4 i2 d*1i?
o8 (bc-ad) gt o+ BLogfe (122)'] Logls - Bt
d*i? _

6bBZ (bc_ad>2g3 n2 POlyLog{z, %}

d*i? .
o8 [oca0) gin a8 Logle [225]"] paytog(a, £

d*i? .

b B2 (bc:—ad)zg3 n? PolylLog|2, ﬁﬁ] 6 b B2 (bc—ad)2g3 n? Polylog|3, %]

d4 i2 d*1?

Result (type 4, 5396 leaves):

a®B2g®n? (a+bx) (272Log[%] +Log[w]2)

c+d X

(bc-ad) i? (c+dx)

b? (2bc-3ad) g>x (A+B (Log[e (%)n} *nLog[MH)Z

c+d x
d3iz +
g (A5 [Logle [22)"] -nLog[ %] )°
2d2i2 '

1

_ (A2b3c3g3—3aA2b2czdg3+3a2A2bcd2g3—a3A2d3g3+2Ab3Bc3g3
d*i? (c+dx]

a+bx)\n a+bx 2o 24 3 a+bx\n a+bx
Log[e ]—nLog[ })—GaAb Bc°dg Log[e }—nLo [ ] +
c+dx c+dx c+dx c+dx
a+bx)\n a+bx
6a’AbBcd’g® [Log|e : | -nLog| : || -2a°ABd*g?
c+dx c+dx
a+bx\" a+bx a+bxy" a+bx,\?
Log[e ’ | -ntLog] ! })+b382c3g3 Log[e ’ | -nLog] ! ) -
c+dx c+dx c+dx c+dx
22 2 4 3 a+bx\n a+bx, )2 22 a2 3
3ab?B*c?dg’ |Log[e )]—nLog[ || +3a’bB?cd’g
c+dx c+dx
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a+bx C a b(c+dx)
Log| +Loglc+dx] | +Log[—+x]| Log[ ———"]| +
c+dx c+dx b bc-ad
d<a+bx) 1
2PolyLog[2,

-bc+ad J+3d2 (bc-ad) (c+dx)

b B2 n? ((bc—ad) (c+dx) Log{§+x}3+3c (bc-ad) (2+2Log[§+x} +Log[£+x}zJ +

2
3(bc—ad)

a c a+bx
_Log[—+x] +Log[—+x] +Log[ ]
b d c+dx
b d
-d (a+bx) Log[ier} +2b (c+dXx) Log[M
b bc-ad

(c+ (c+dx) Loglc+dx]) +

]

Log[§+x] —Log[§+x] —Log[a+bx

3cLog[§+x}

+

d b
6bc (c+dx) PolyLog|2, M

]+3
-bc+ad

c+dx
[(bc—ad) (c+dx) Log[§+x}2+2c (bc-ad) (1+Log[£+x} +
2c((—bc+ad) Log[%+x]+b(c+dx) (Logla+bx] -Log[c+dx])|-2(bc-ad)
b d d b
(c+dx) Log{i+x] Log[M]JrPolyLog[z, M} ]+3(bc—ad)
b bc-ad -bc+ad
b d d b
(c+dx) Log[i+x}2Log[M]+2Log[i+x] PolyLog[Z,M -
b bc-ad b -bc+ad
d(a+bx)
2Polylog[3, ——-

a
—3(c [z (bc-ad) Log[2 +x]
-bc+ad b

1+Log[§+x}) +

b (C+dx>

¢ 2 c d(a+bx)
Log|— +x| -2Logla+bx] -2Log|[— +x]| Log| ——+
d d -bc+ad

+

2Log[c+dx]

b d
-2b (c+dx) PolyLog|2, M]

+

bc-ad
C 2 a d(a+bx)
bc-ad dx) |Log[~ Log| 2 Log[ 12 FPX)
(bc-ad) (c+dx) og[d+x} og[b+x] og[—bc+ad
b d b d
2Log[5+x} PolyLog|2, M} +2Polylog|3, M] )J}
d bc-ad bc-ad

Problem 197: Result more than twice size of optimal antiderivative.

J(A+BLog[e (ﬁ)n])z

(ci+dix)?

dx

Optimal (type 3, 163 leaves, 4 steps):
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2ABn(a+bx) ZBZnZ(a+bx)
_ . _

(bc-ad)i? (c+dx) (bc-ad)i?(c+dx)

2B2n (a+bx) Log[e (M)"] ) <a+bx) (A+BLog[e (m)n])z

c+d X c+d X

(bc-ad)i? (c+dx] (bc-ad)i? (c+dx)

Result (type 3, 391 leaves):
1

d (—bc+ad) i2 (c+dx)

n.2

a+bx

(Azbc—aAZd—zAbBcn+2aABdn+2bBZc:nz—zaBzdn2+B2 (bc-ad) Log[e

c+dx

b b
szanLog[aJr X]Z—szdnzxLog[aJr X]2+2an<c+dx) Log[a +b x]
c+dx c+dx
a+bx)\" a+bx
[—A+Bn—BLog[e | +BnLog]| || +2AbBcnloglc+dx] -
c+dx c+dx
2bB?cn?log[c+dx] +2AbBdnxLog[c+dx] -2bB*dn?xLog[c+dXx] -
2 2 a+bx 2 42 a+bx
2bB“cn Log[ }Log[c+dx]—2bB dn xLog[ ]Log[c+dx}+
c+dx c+dx
a+bx

2BLog[e )n] ((bc-ad) (A-Bn) +bBn (c+dx) Log[c+dx])

c+dx

Problem 198: Result more than twice size of optimal antiderivative.

J (A+BLog[e (ﬁ)n])z

(ag+bgx) (ci+dix)?

dx

Optimal (type 3, 231 leaves, 7 steps):

2ABdn(a+bx) 2B2dn2 (a+bx) ZBzdn<a+bx) LOg[e(ﬁ)n}
_ . _
(bc—ad)zgiz(c+dx) (bc—ad)zgiz(c+dx) (bc—ad)zgiz(c+dx)

dlaeon) fnesronle (2]1))" b [acotonle 232

c+d X c+d X

(bc-ad)?gi? (c+dx) 3B (bc-ad)*gi2n

Result (type 3, 789leaves):
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o5 og 252 25 Log[ 28] (805 [Logle [252)") ntog[ 28]

c+d x c+d x

N
3 (bc-ad)?gi? (bc-ad)gi? (c+dx)

(Log[a+bx]z

[AbBcn—aBzdn2+Adenx—bBZdn2x+szcn

(Log[e ( ]

((bc:—ad)zgi2 (c+dx))+(A2—2ABn+ZBZn2+2AB

]

((bc-ad)gi* (c+dx)) +ﬁbmg[a+bx}
c-a gi

a+bx

c+dx

n a+bx

n a+bx a+bx }—nLog[

a+bx ]—nLog[

+bB>dnx |Log[e

|/

c+dx

n b
}—nLog[a+ X]

c+dx
a+bx

c+dx c+dx

Log[e

c+dx

1))/

c+dx

n a+bx

n a+bx a+bx ]—nLog[

a+bx }—nLog[

2BZn

Log|e +B? (Log[e (

c+dx c+dx c+dx c+dx

n]—nLog[a+bX

]

a+bx

[A22ABn+2B2n2+2AB Log|e

c+dx c+dx

}—nLog[aerX]
c+dx

n n a+bx

a+bx ]—nLog[

2B%n

Log|e ] 2) _

-2B?%n

+ B2 (Log[e

c+dx

]

a+bx

c+dx c+dx
n a+bx

a+bx ]—nLog[

1 b[
(bc-ad)?gi?

A2-2ABn+2B%n?2+2AB

Log[e (

c+dx

)n] -nlLog|

c+dx

2

n a+bx a+bx

a+bx ]—nLog[

Log|e Log[c +dx]

})+BZ

(Log[e

c+dx c+dx c+dx

Problem 199: Result more than twice size of optimal antiderivative.

J‘ (A+BLog[e (%)n])z
(

ag+ng)2 (ci+dix)2

dx

Optimal (type 3, 392 leaves, 10 steps):

2ABd?n (a+bx) 2B2d?n? (a+bx)
. (bc—ad)3gzi2 (c+dx) ' (bc—ad)3gzi2 (c+dx) )
2b282n? (c+dx) 2B2d?n (a+bXx) Log[e(%)n]
(bc—ad)3gziz(a+bx)7 <bc—ad)3gziz(c+dx) )

20280 (c+dx) (arLogle (55)")) & (avbx) [a-Brogle [£3H)"])"

c+d X c+d X

(bcfad)BgziZ(aerx) (bcfad)3g2i2(c+dx)

c+d x c+d x

b? (c+dx) (A+BLog[e (M)n])z 2bd (A+BLog[e (w)n])3
(bc-ad)’g?i? (a+bx) ) 3B (bc-ad)’g2iZn

Result (type 3, 870leaves):
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1
3(bc—adfgzﬂ(a+bﬂ (c+dx)

2bB’dn® (a+bx) (c+dx) Log[a+bx}3+3BnLog[a+bX
c+dx c+dx

a’Bd’n+2Ab%2cdx+2aAbd®’x+2b’Bcdnx-2abBd*nx+2Ab%2d?x?+
a+bx
2bBd (a+bx) @+dx>mgk(

]

]*[2aAbcd+b?Bcin-

n

]—2den(a+bx)(c+dx)ug[a+bx

]

i
c+dx

c+dx
a+bx

6B (bc-ad)nLog| y
c+dx

Abc+aAd+bBcn-aBdn+2Abdx+

a+bx)\" a+bx
B(ad+b (c+2dx)) Log|e )]—Bn(bc+ad+2bd@lng[ })+
c+dx c+dx
6bd (a+bx) (c+dx) Log[a+bx] [A>+2B?n>+2AB |Log|e a+bXY]—nu$[a+bX}+
c+dx c+dx
2
B2 Log[e a+bx n}—nLOg{aerX] }+
c+dx c+dx
3b(bc-ad) (c+dx) (A2+2ABn+2BZn2+BZLog[e a:bxy" >_2Bn (A+Bn) Log[‘-’be +
c+dx c+dx

a+bx.2 a+bx)n a+bx

B2 n” Log ] +ZBLog[e( ](A+Bn—BnLog[ ||| +3d(bc-ad)
c+dx c+dx c+dx

(a+bx) (AZ*ZABMZBZ”“BZLOg[e 2:bx n]2+2|3n(—A+Bn) Log[a+bx]+
c+dx c+dx

a+bx,2 a+bx\" a+bx

anZLog[ ] fZBLog[e( ](7A+Bn+BnLog[ _
c+dx c+dx c+dx

6bd (a+bx) (c+dx) (A2+282n2+2AB(Log[e arbx n}—nLo [a+bx] +
c+dx c+dx

2 a+bx)\" a+bx,)?

B” | Log[e | -nLog| ] Log[c +dx]
c+dx c+dx

Problem 200: Result more than twice size of optimal antiderivative.

V{‘ (AA+B Log|e (if%f)n])z

(ag+bgx)’ (ci+dix)?

dx

Optimal (type 3, 560 leaves, 12 steps):
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2ABd®n (a+bx) 2B2d*n? (a+bx) 6b?B?>dn? (c+dx)
(bc-ad)*g*i? (c+dx) . (bc-ad)*g®i? (c+dx) ' (bc-ad)*g®i? (a+bx) .
b>B2n? (c+dx)?2 2B2d*n (a+bXx) Log[e(%)n}
4(bc—ad)4g3iz(a+bx)2+ (bc-ad)*g®i? (c+dx)

6b2Bdn (c+dx> (A+BLog[e (M)n}) _b3Bn <c+dx)2 (A+BLOg[e (M)n])

c+d X c+d x

(bc-ad)*g*i? (a+bx) 2 (bc-ad)*g*i? (a+bx)?

c+d x

d® (a+bx) (A+BLog[e (ﬁ)n])z ) 3b%d (c+dx) (A+BLog[e (M)n})z

(bc-ad)*g*i? (c+dx) (bc-ad)*g®i? (a+bx)

b* (c+dx)? (A+BLog[e (m)"])z ) b d2 (A+BLog[e (ﬂ)"ns

c+d x c+d X

2 (bc-ad)*g*i? (a+bx)? B(bc-ad)*g*i%n

Result (type 3, 1340leaves):
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1

4(bc-ad)*g’i2 (a+bx)? (c+dx)
a+bx,2

(4szd2n2 (a+bx)? (c+dx) Log[a+ X}3+2BnLog[
c+dx c+dx

(6a2Abcd2—b3Bc3n+6abZBczdn—2a3Bd3n+12aAb2cd2x+6a2Abd3’xJr

3b3Bc?dnx+12ab?Bcd’nx-6a?bBd®nx+6Ab3cd®x?+12aAb2d3x?+
n

}_

a+bx

9b°Bcd’nx?+6Ab>d*x3+3b3Bd*nx®+6bBd? (a+bx)2 (c+dx) Log|e

6bBd*n (a+bx)* (c+dx) Log[a+bx]
c+dx

a+bx

c+dx

+2bd (bc-ad) (a+bx) (c+dx)

a+bx

+

n
|*-2Bn (4A+58n) Log|
c+dx

a+bx
]

(4A2+10A3n+1132n2+432Log[e

c+dx

a+bx a+bx

-b(bc-ad)?

|+

4B%n? Log| }2+ZBLog[e

c+dx
n.2 a+bx
|"-2Bn (2A+Bn) Log|

)n] [4A+SBn—4BnLog[

c+dx c+dx

a+bx

2A%+2ABn+B2n?+ 2B Log|e

(c+dx)
c+dx c+dx

n

a+bx a+bx a+bx

+

2
|"+2BLogle ][2A+Bn—ZBnLog[

2B2n? Log|
c+dx

a+bx

c+dx c+dx
no2

] -

2A*+2ABN+5B%n%+2B%Log|e

6bd? (a+bx)? (c+dx) Log[a+bx]

c+dx

a+bx,2
[Enlay

2Bn (2A+Bn) Log[:+z:] +287n” Log[—— =
+ +

a+bx
}(2A+Bn—2BnLog[ ]
c+dx

a+bx

n a+bx

a+bx

+2B (bc-ad)nLog|

ZBLog[e

c+dx c+dx

n a+bx
}—4BnLog[

4A+5Bn+4BLogle

(Zbd (a+bx) (c+dx)

c+dx c+dx

a+bx)\n a+bx
}—ZBnLog[

2A+Bn+2BLogle

b(bc-ad) (c+dx)

c+dx c+dx

“] —BnLog[aerX}

a+bx

+4d (bc-ad)

A-Bn+BLogle

4d? (a+bx)?

c+dx
”}2 a+bx

c+dx
a+bx

+2Bn (-A+Bn) Log| +

A2 -2ABn+2B%n?+B?Log|e

(a+bx)2

c+dx c+dx

a+bx,2 a+bx a+bx

|"-2BLog[e -6bd? (a+bx)?

n] (7A+Bn+BnLog[

B n? Log]|
c+dx
n}Z-ZBn (2A+Bn) Log[awx} +

c+dx c+dx

a+bx

2A?+2ABN+5B%n?+2B%Log|e

(C+dx>

c+dx c+dx

n

a+bx a+bx

c+dx

Log[c +dx]

}2+ZBLog[e

282 n? Log| ][2A+Bn—ZBnLog[a+bX]

c+dx

c+dx
Problem 201: Result more than twice size of optimal antiderivative.

J((A+BLog[e (%)n])z o

ag+bgx)? (ci+dix)?

Optimal (type 3, 729 leaves, 14 steps):



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 253

2ABd4n<a+bx) 2 B2 d*n? (a+bx) 12 b2 B2 d2 n? (c+dx)
- + - +

(bc-ad)®g*i? (c+dx) (bc-ad)®gti?(c+dx) (bc-ad)’g*i? (a+bx)

b*B2dn? (c+dx)? 2b*B2n? (c+dx)’ 2B%d*n (a+bx) LOg[e(ﬁ)n]
(bc-ad)®g*i? (a+bx)®> 27 (bc-ad)®g*i2 (a+bx)> (bc-ad)®g*i? (c+dx)

c+d X c+d x

12b?Bd*n (c+dx) (A+BLog[e(ﬂ)n}) 2b*Bdn (c+dx)? (A+BLoge(a*bX) )
+
)?

(bc-ad)®g*i? (a+bx) (bc-ad)®g*i? (a+bx

c+d x c+d x

26481 (c+dx)’ (A+BLog[e (m)“” +G|4 (a+bx) <A+BLog[e (M) ”z

9(bc-ad)®g*i? (a+bx)> (bc-ad)®g*i? (c+dx)
6b2d? (c+dXx) (A+BLog[e (ﬁ)n})z ) 2b%d (c+dx)? (A+BLog{e (ﬁ)n})z

(bc-ad)®g*i? (a+bx) (bc-ad)’g*i? (a+bx)?

b* (c+dx)® (A+BLog[e [=2X)"]]* b (A+BLogle (=2X)"])’

c+d X c+d X

3(bc-ad)’g*i? (a+bx)? 3B (bc-ad)’g*i%n

Result (type 3, 1695 leaves):
1

27 (bc-ad)®g*i? (a+bx)? (c+dXx)

a+bx,s
|"+9BnLog|

c+dx c+dx

a+bx,2

(36bBZd3’n2 (a+bx)? (c+dx) Log|

(12a3Abcd3+b4Bc4n—6ab3Bc3dn+18a2bZBc2d2n—3a4Bd4n+36a2Ab2cd3x+

12a3Abd*x-2b*Bc®dnx+18ab®>Bc?d’nx+36a%b*Bcd®>nx-12a2bBd*nx+
36aAb’cd®x?+36a2Ab?d*x2+6b*Bc?d’nx?+54ab>Bcd®nx?+12Ab%*cd®x3+
36aAb3d*x®*+22b*Bcd®nx?+18ab>Bd*nx3+12Ab%*d*x* +10b*Bd*nx* +

a+bx n} ~12bBd*n <a+bx)3 (c+dx) Log|

12bBd® (a+bx)? (c+dx) Log[e a+bx}

+

c+dx c+dx

a+bx)\"

3bd* (bc-ad) (a+bx)2 (c+dx)

27 A* + 78 ABn + 92B?n? + 27 B? Log|[e

c+dx

a+bx,2 +bx ”}

] +6BLog[e

6Bn (9A+13Bn) Log[a+:X} +278%n’ Log[ —
c+dX c+dXx

c+dx

a+bx 3 3
(9A+13Bn—9BnLog[ ||| +6bd® (a+bx)? (c+dx) Log[a+bXx]
c+dx
) - ) a+bx\" 2 a+bx
(18A +30ABnN+55B2n+18B% Log|e |"-6Bn (6A+5Bn) Log| |+
c+dx c+dx
2 2 a+bx,2 +bx\n a+bx
18 B n? Log]| |"+6BLog[e ] [6A+SBn—68nLog[ K
c+dx c+dx c+dx

b(bc-ad)® (c+dx) |9A2+6ABN+2B*n?+9B?Log|e a+:X n]Z—GBn(3A+Bn)
c+dX
a+bx a+bx;2 a+bx)\" a+bx
Log | ] +98%n? Log| |"+6BLog[e )][3A+Bn_33n|_og[ _
c+dx c+dx c+dx c+dx

3bd (bc-ad)? (a+bx) (c+dx) [9A?+12ABn+7B?n”+9B?Log[e

aerx)n 2

c+dx
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a+bx a+bx;2
6Bn (3A+2Bn) Log|

c+dx c+dx

n a+bx
) ][3A+2Bn—3BnLog[ ]
c+dx

| +98B2n? Log]| +

a+bx

a+bx
6B Log|e

c+dx

+6B (bc-ad) nLog|
(3bd2 (a+bx)? (c+dx)

c+dx
a+bx\n
] -9BnLog]

a+bx
9A+13Bn+9BLogle

4
c+dx

a+bx)\n
}—BBnLog[

b(bc-ad)? (c+dx)

3A+Bn+3BLog[e(

c+dx
a+bx]
c+dx

}—3BnLog[
c+dx c+dx
n

}7BnLog[a+bX] +27d* (bc-ad)
c+dx
]+

-6bd? (a+bx)3

} +

Log[c +dx]

c+dx

3bd (bc-ad) (a+bx) (c+dx) [3A+2Bn+3Blogle arbx a+bx

+

]

9d3 (a+bx)3 a+bx

A-Bn+BLogle

c+dx

<a+bx)3 a+bx

a+bx

A2 -2ABn+2B%n?+ B2 Log[e

no2
) |"+2Bn (-A+Bn) Log|

]

}276Bn (6A+5Bn) Log|
c+dx c+dx
n

a+bx
][6A+5Bn—GBnLog[ ]

c+dx

c+dx
n

a+bx

BZnZLog[aHzX]z—ZBLog[e (a+bx
c+dX

] (—A+Bn+BnLog[
c+dx

c+dx

) ) o ) a+bx)" a+bx
(c+dx) (18A +30ABn+55B2n%+18B Log|e

a+bx a+bx

18 B n? Log]| ]*+6BLog[e

c+dx

c+dx c+dx

Problem 202: Result more than twice size of optimal antiderivative.

J“@g+ngf(A+BMgk(fﬁfV}y

(ci+dix)?

dx

Optimal (type 4, 676 leaves, 14 steps):
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B2 (bc-ad)g®n? (a+bx>2 4AbB (bc-ad)g’n(a+bx]

+

4d?13 (c+dx)? d>i (c+dx)
4b82 (bc-ad) g@n? (a+bx] 4bB?[(bc-ad)g’n(a~bx) Logle ()"
d>1i® (c+dx) d>i® (c+dx)
B(bc-ad)gn (a+bx)> (A+BLog[e (%)”H ) b2g® (a+bx) (A+BLog[e (%)W)i
2d?i3 (c+dx)? d3 i3

(bc—ad) g (a+bx)2 (A+BLog[e (M)n})Z 2b (bcfad) g3 (a+bx) (A+BLog[e (M)n])z

c+d X c+d X

+ +
2d2i3 (c+dx)2 d®i3 (c+dx)
2bZB(bc—ad)g3n(A+BLog[e(%)n])Log[ﬁ]
d4i3
3b% (bc-ad)g? (A+BLog[e(%)n})zmg[ibb(::i)]
d* i3
2b2B? (bc-ad) g®n?Polylog|2, %}
d*i3 :
6sz(bcfad>g3n(A+BLog[e(%)n])PolyLog[Z, %]
d4i3 N
6b2B2 (bc-ad) g*>n?Polylog|3, ﬁ:i—;’;‘ﬂ
d4i3
Result (type 4, 6600 leaves):
b3g3x(A+B(Log[e(%)n}—nmg{ﬁ}))z_ 1
d? i3 d* i3 (c+dx)
3[A2b3c2g3‘2aA2b2cdg3+azA2bd2g3+2Ab3Bc2g3 Log|e a+bx n]7nLog[a+bX] -
c+dx c+dx
a+bx)" a+bx
4aAb*Bcdg’ |Log|e )]—nLog[ +
c+dx c+dx
2a?AbBd?g® |Log[e arbx n]—nLog[aerX )+
c+dx c+dx
2
b*B%c?g® |Log[e a+bx)n]—nLog[a+bX} -2ab?B?cdg’
c+dx c+dx
2 2
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- b? (C+dx)2

1+2Log[§+x]

[c (b (bc-ad) (c+dx) + (bc—ad)zLog[§+x]

Log[a+bx] +b? (c+dx>2Log[c+dx] +b (c+dx)

b (c+dx) Log{§+x]2—
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d b
Log[§+x] Log{ (a+ X) N

2 (bc-ad) (1+Log[§+x})—2b(c+dx) N y
-bc+a

b (c+dx)

Polylog|2,
bc-ad

]

+

m/ (4d? (bc-ad)? (c+dx)?

inBZanZ LOg[§+x}3+2c (2+2Log[§+x] +Log[§+x]2) )
v 32 & (c+dx)

c? (1+2Log[j+x} +2Log[§+x]2) . 1

4d3 (c+dx)2 2d3
c(3c+4dx) a C b x 2
—————— L i 2Llog[c+dX] (7Log[7+x]+Log[7+x]+Log[ + -
(crdx)? b d c+dx c+dx
b d
(2c{d(a+bx) Log[i+x]2+2b(c+dx> Log[ier} Log[M}Jr
b b bc-ad
d b
2b (c+dx) PolyLog[Z,M /(d3(—bc+ad) (c+dx)) -
-bc+ad
b d
[cz (d (a+bx) (adfb(2c+dx))Log[ier]zfzb2 (c+dx)2Log[M}+
b bc-ad
b d
2b (c+dx) Log[ier} d(a+bx)+b(c+dx) Log[M] +
b bc-ad
d b
2b? (c+dx)?Polylog|2, M} J/
-bc+ad
a b x

+

(Zd3 (bc—ad)z(c+dx)2)+2 y y
c+dx c+dx

a C
-Log| — + X Log| — +X Lo
gl +x] - Log|~+x] +Log|

Log[§+x]2 2c(1+Log[i+x]) c? (1+2Log[§+x])
_ _ . _

2d3 d® (c+dx) 4d3 (c+dx>2

Log| Z+x
2¢ (_ M ] _ b Log[a+b X] n bLog[c+dx1J

d (c+dx) d (-bc+ad) d (-bc+ad) 1 a 1
+ c?|-Log|[—+x| + —————
d? 2d® (c+dx)? b (bc-ad)?
b(c+dx) (bc-ad+b (c+dx) Logla+bx]-b (c+dx)Loglc+dx])|+
Log[§+x] Log[—(—)—bb::;( | +Polylog|2, J—Ldfba;baxd} a ) b (c+dx)
+—|Log[— + x| Log[———"] +
d? 3 b bc-ad
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d b d b
2Log[i+x] Polylog|2, M] - 2Polylog|3, M )—
b -bc+ad -bc+ad
2([c 2 (bc-ad) Log[erx} (1+Log[§+x] +b (c+dx)
d(a+bx)

}+2Log[c+dx] -2

Log[§+x]2—2Log[a+bx} —2Log[§+x} Log[

-bc+ad
b (c+dx)
bc-ad

b (c+dx) Polylog|2, -

]

J/<d3 (-bcsad) (cedx))

[cz [b (be-ag) (crax] « [bc-ad)?Log[* x|

C
1+2Log[7+x}
d

b? (c+dx)*Logla+bx] +b? (c+dx)*Log[c+dx] +

b (c+dx) (b (c+dx) Log[§+x}2—2 (bc-ad)

c
1+Log|— +X -
. g[d+ ])
d b b d
—(a+ X>]+PolyLog[2, 7(c+ x)

-bc+ad bc-ad } ]]J/

d(a+bx)
-bc+ad )

|

Problem 204: Result more than twice size of optimal antiderivative.

J‘(angng) (A+BLog[e (%)n])z

(ci+dix)?

2b (c+dx) Log[§+x] Log|

(4d® (bc-ad)? (c+dx)?) +

Log[§+x}2

Log[ 2 + x] - Log|
a -
243 & b &

b (c+dx) b (c+dx)
7} +2 PolyLog[B, _
bc-ad bc-ad

]

2 Llog [i + x| PolylLog|2,

dx

Optimal (type 3, 151 leaves, 3 steps):
B2gn2 (a+bx)?

4(bc—ad) i3 (c+dx)2 i

Bgn <a+bX)2 (A+BLog[e (M)n]) +g (a-*—bx)2 (A+BLog[e (M)n])z

c+d x c+d x

2(bc—ad)i3(c+dx)2 2<bc—ad)i3(c+dx)2

Result (type 3, 582 leaves):



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 267

! g(ZBzdzn2 (a+bx)2Log[w 2.
4d? (bc-ad) i’ (c+dx)? c+dx
) 2 a+bx)\n a+bx
2b*Bn (c+dx)®Logla+bx] [-2A+Bn-2BLlog|e | +2BnLog| RE
c+dx c+dx
28(bc—ad)n(ad+b(c+2dx))Log[aerX]
c+dx
a+bx)\" a+bx
(—2A+Bn—ZBLog{e( | +2BnLog]| 1|+
c+dx c+dx
(bc—ad)z(2A2—2ABn+BZn2+ZBZLog[e a+bx)n]2+28n(—2A+Bn) Log[a+bx]+
c+dx c+dx

a+bx,2 a+bx)" a+bx
2B%n? Log| ] —2BLog[e( }(—2A+Bn+ZBnLog[ ] )—2b(bc—ad>
c+dx c+dx c+dx
(c+dx) (2A2-2A3n+32n2+232Log[e a+bx)n]2+2Bn(—2A+Bn) Log[ 212X .
c+dx c+dx
a+bx,2 a+bx)" a+bx
282n” Log| ] -ZBLog[e( }(-2A+Bn+2BnLog[ ] )+
c+dx c+dx c+dx
a+bx

2b%Bn (c+dx)?[-2A+Bn-2BLlogle )n]+2BnLog[a+bX

c+dx

}) Log[c +d X]

c+dx

Problem 206: Result more than twice size of optimal antiderivative.

J (A+BLog[e (ﬁ)n])z

(ag+bgx) (ci+dix)3

dx

Optimal (type 3, 402 leaves, 15 steps):
B2d2n? (a+bx)? 4AbBdn (a+bx)
4(bc-ad)®gi®(c+dx)? (bc-ad)’gi? (c+dx)

c+d X

4bB2dn? (a+bx) 4bB*dn (a+bx) Log[e(w)n}
N _
(bc-ad)’gi® (c+dx) (bc-ad)’gi® (c+dx)
Bd?n (a+bx)2 (A+BLog[e (%)n}) +d2 (a+bx>2 (A+BLog[e (%)n})z

2(bc—ad)3gi3(c+dx)2 2(bc—ad)3gi3(c+dx>2

2bd <a+bx) (A+BLog[e (w)n])z + b2 (A+BLog[e (ﬂ)n])s

c+d X c+d x

(bc-ad)’gi® (c+dx) 3B (bc-ad)’gi’n

Result (type 3, 971 leaves):
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1
12 (bc—ad)sgi3

a+bx,2

a+bx,3 1
[ - GBnLog[

4b%2B?n? Log
c+dx (c+dx)2 c+dx

(—ZAbzcz+4abBcdn—a2den—4Ab2cdx+4b2Bcdnx+2ade2nx—2Ab2d2x2+

a+bx)\" a+bx 1
BbZdenxz—szB(c+dx)2Log[e( : ] +2b?Bn (c+dx)? Log| * )_
c+dx c+dx (c+dx)?
a+bx
6B (bc-ad) nlLog| | |-6Abc+2aAd+7bBcn-aBdn-4Abdx+6bBdnx+2B
c+dx
a+bx)" a+bx 1
(-3bc+ad-2bdx) Log[e( | +2Bn(3bc-ad+2bdx) Log| +
c+dx c+dx (c+dx)2
2 ) - ) a+bx)\" 2 a+bx
3 (bc-ad) (ZA ~-2ABn+B?n?+2B?Log|e +2Bn (-2A+Bn) Log| |+
c+dx c+dx
2 a+bx,2 a+bx)\n a+bx 1
28%n? Log| |"-2BLog[e ] [—2A+Bn+2BnLog[ +
c+dx c+dx c+dx c+dx
a+bx)" a+bx
6b (bc-ad) (ZAZ—GABn+7B2n2+2B2Log[e i *.2Bn(-2A+3Bn) Log[ ] +
c+dx c+dx
2 a+bx,2 a+bx)\n a+bx
28%n’ Log| |"-2BLog[e ] [—2A+3Bn+2BnLog[ e
c+dx c+dx c+dx
) ) ) 2 ) a+bx\", 2 a+bx
6b? Logla+bx] [2A-6ABn+7B2n?+2B?Log[e +2Bn (-2A+3Bn) Log| |+
c+dx c+dx
2 2 a+bx,2 a+bx)\n a+bx
28%n’ Log| |"-2BLog[e ] [—2A+3Bn+2BnLog[ 11 -
c+dx c+dx c+dx
a+bx\" a+bx
6 b2 [2A2—6A8n+7anZ+ZBZLog[e : *12Bn(-2A+3Bn) Log| ] +
c+dx c+dx
2 a+bx,2 a+bx)\n a+bx
2B%n? Log| |"-2BLog[e ] [—2A+3Bn+2BnLog[ ||| Loglc+dx]
c+dx c+dx c+dx

Problem 207: Result more than twice size of optimal antiderivative.

J (A+BLog[e (ﬁ)n])z

(ag+ng)2 (ci+dix)3

dx

Optimal (type 3, 562 leaves, 12 steps):
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B2d3n2(a+bx)2 6AbBd*n (a+bx]|
- - +
4(bc-ad)*g?i® (c+dx)* (bc-ad)*g?i? (c+dx)
6bB2d2n? (a+bx) 2b2B2n2 (c+dx| 6bB2d2n (a+bx) Log[e(ﬁ)n]
- - +
(bc—ad)4gzi3(c+dx) (bc—ad)“gzi3 (a+bx) (bc—ad)“gzi3 (c+dx)

Bd3n (a+bX)2 (A+BLog[e (%)n}) . 2b3Bn (c+dx) (A+BLog[e (M)n])

c+d X c+d X

2 (bc-ad)*g2i® (c+dx)? (bc-ad)*g?i® (a+bx)

e <a+bx)2 (A+BLog[e (M)n])z ) 3bd? (a+bx) (A+BLog[e (M)n})z

c+d x c+d X

2(bc—ad>4g2i3 <c+dx>2 (bc—ad)“gzi3 (c+dx)

b3 <c+dx) (A+BLOg[e (M)n])z . b2 d (A+BLOg[e (M)”}f

c+d X c+d X

(bc—ad)4gzi3(a+bx) B(bc-ad)*g2i’n

Result (type 3, 1334 leaves):
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1
4(bc-ad)*g?i3 (a+bx) (c+dx)?

(4b2§dn2(a+bx)(c+dxflng[a+bx
c+dx

a+bx,2

3
|"+2BnLog|
c+dx

(6aAb2c2d+2b3Bc3n—6a2bBcd2n+a3Bd3n+6Ab3c2dx+12aAb2cd2xJr
6b3Bc?dnx-12ab?Bcd’nx-3a2bBd®nx+12Ab3cd?*x>+6aAb’d®x?-

9ab’Bd>nx*+6Ab>d>*x*>-3b°Bd’nx’+6b°Bd (a+bx) (c+dx)2Log[e

a+bxy]_

c+dx

6b2Bdn<a+bx)(c+dxfl@g[a+bx}

+4b2@c—ad>@+dxf

]

4
c+dx

c+dx
(A2+2ABn+2BZn2+BZLog[e a:bx n]2—2Bn(A+Bn> Log[a+bx}+BZnZLog[a+bx ’
c+dx c+dx c+dx
a+bx)\" a+bx a+bx
2Blog|e )]{A+Bn—BnLog[ ||| +2B(bc-ad)nLog| ]
c+dx c+dx c+dx
a+bx)" a+bx
(2bd(a+bx)(c+dx)(4A—SBn+4BLogh ) | -4BnLog]|

c+dx
a+bx)" a+bx
d(bc-ad) (a+bx) [2A-Bn+2Blog|e | -2BnLog]| 1|+
c+dx c+dx
4 b? (c+dx)2 A+Bn+BLog{e(a+bX n}—BnLog[aerX] )+d(bc—ad)2
c+dx c+dx
(a+bx) (2A2_2A3n+32n2+232Log[e a+bx)n]2+2Bn(—2A+Bn) Log 222X .
c+dx c+dx
- a+bx;2 a+bx)" a+bx
282n? Log| |"-2BLog[e (—2A+Bn+ZBnLog[ ] )+
c+dx c+dx c+dx

6b*d (a+bx) (c+dx)?Log[a+bx]

no2
.

a+bx
2A2—2ABn+SBZn2+ZBZLog[e(

c+dx
a+bx
2Bn (-2A+Bn) Log|

]+282n2Log[a+bX ’

c+dx c+dx
a+bx)\n a+bx
2BLog[e [—2A+Bn+2BnLog[ ]||+2bd (bc-ad) (a+bx) (c+dx)
c+dx c+dx
) ) 2 ) a+bx\", 2 a+bx
(4A -16ABn+11B2n?+4B?Log[e +2Bn (-4A+58Bn) Log| +
c+dx c+dx
- a+bx;2 a+bx)\n a+bx
4B?n” Log| |"-2BLogle ] (—4A+SBn+4BnLog[
c+dx c+dx c+dx
a+bx\"
6b2d (a+bx) (c+dx)?[2A2-2ABn+5B2n2+2B2Logle | i
c+dx
a+bx a+bx
2Bn (-2A+Bn) Log[ =] +2B2n? Log[ " -
c+dx c+dx
a+bx)\" a+bx
2Blog|e ) L2A+Bn+28nmg[ }) Log[c +dx]
c+dx c+dx

+
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Problem 208: Result more than twice size of optimal antiderivative.

J‘ (A+BLog[e (%)"])2

(ag+bgx)’ (ci+dix)?

dx

Optimal (type 3, 732 leaves, 14 steps):

B2d*n? (a+bx)? 8AbBd>n (a+bx) 8bB2d*n? (a+bx)
+ - +
4(bc-ad)®g?i? (c+dx)? (bc-ad)®g’i?(c+dx) (bc-ad)’g®i® (c+dx)
8b°B2dn (c+dx) b*B2n2 (c+dx)2 8bB2d>n (a+bx) Log[e(ﬁ)n}
_ . _
(bc—ad)5g3i3 (a+bx) 4(bc—ad>5g3i3 (a+bx>2 (bc—ad)5g3i3 (c+dx)
Bd*n a+bx2(A+BLog (i*:i)n})+8b38dn(c+dx) (A+BLog[e(ﬁ>n])i
(bcfad)sg i3 (c+dx) (bcfad)5g3i3 (a+bx)
b*Bn (c+dx 2(A+BLog (a*:’i)n}) +d4 (a+bx>2(A+BLog[e($)n”2
2(bc-ad)’g*i® (a+bx)? 2 (bc-ad)’g*i® (c+dx)?

d
abd (a+bx) (A+BLog[e(M)”])2 4b3d (c+dx) (A+BLog[e(M)n])z

c+d X c+d X
+

(bc—ad) g>i® (c+dx) (bc—ad)5g3i3(a+bx)

c+d x c+d x

b* (c+dx)? (A+BLog[e (m)n])Z + 2 b2 d2 (A+BLog[e (m>n])3

2 (bc-ad)’g*i® (a+bx)? B(bc-ad)’g*i’n

Result (type 3, 1653 leaves):
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1
4(bc-ad)®g’i? (a+bx)? (c+dx)?

a+bx a+bx,2

(SbZBzdznZ(aerx)z(c+dx>2Log[ ]3+ZBnLog[

c+dx c+dx

(12a2Ab2czdz—b4Bc4n+8ab3Bc3dn—8a3bBcd3n+a4Bd4n+24aAb3c2d2x+
24a°Ab’cd®*x+4b*BcPdnx+24ab®>Bc?d*nx-24a’b*Bcd®>nx-4a*bBd*nx+
12Ab*c?d*x?>+48aAb3cd®x?+12a2Ab%d* x> +18b*Bc?d’nx?-18a%b?Bd*nx? +
2dAb*cd®x®+24aAb3d*x3+12b*Bcd®nx?-12ab3>Bd*nx®+12Ab%*d* x* + 12b2 B d?
a+bx)\" ]
c+dx

n

| -nLog|

a+bx

(a+bx)? (c+dx)?Log[e ] -12b?Bd?*n (a+bx)* (c+dx)’ Log|

+

d x

12b2d? (a+bx)? (c+dx)?Log[a+bx] arbx

a+bx

2A?+5B>n’ +4AB |Log|e

c+dx c+dx

a+bx)\n

a+bx
|-n

2 B? (Log[e ( Log|

]

a+bx

c+dx

2
)+2b2d (bc—ad) (a+bx) (c+dx)2
c+dx

"2 a+bx
|"-2Bn (6A+78Bn) Log|

(6A2+14ABn+15BZn2+6BZLog[e

+

c+dx
a+bx)\"

c+dx

a+bx a+bx

6B2n? Log| }2+2BLog[e

](6A+7Bn—68nLog[ -b? (bc-ad)?

]+
+ZB(bcfad) n

]

c+dx c+dx

c+dx

(c+dx)2 a+bx a+bx

)

2A%+2ABnN+B2n?+2B? Log|e

c+dx
n

c+dx

a+bx a+bx

282 n? Log|

}2+ZBLog[e

-2Bn (2A+Bn) Log|
c+dx]
n

| -6BnLog|

a+bx
] [2A+Bn—ZBnLog[

c+dx c+dx

a+bx a+bx

Log| 2bd? (a+bx)? (c+dx) [6A-7Bn+6BLog[e arbx

+

c+dx

c+dx c+dx

2b*d (a+bx) (c+dx)?|6A+7Bn+6BLog[e arbx n}-GBnLog[amx

c+dx

a+bx\n
| -2BnLog]|

c+dx
a+bx]

d> (bc-ad) (a+bx)?[2A-Bn+2BLog[e

c+dx
a+bx

c+dx

n a+bx

| -2BnLog]|

b> (bc-ad) (c+dx)?

2A+Bn+2BLlogle

c+dx c+dx
a+bx\" 2
"+

d?> (bc-ad)? (a+bx)?

2A*-2ABn+B2n*+2B?Log|e

c+dx

2Bn (-2A+Bn) Log{a+bx}+ZBZnZLog[a+bx]2—
c+dx c+dx

a+bx

a+bx
2BLlog|e

n} (—2A+Bn+ZBnLog[

+2bd? (bc—ad) (a+bx)2 (c+dx)

c+dx c+dx

a+bx\" a+bx

2
|"+2Bn (-6A+7Bn) Log]|

(6A2-14ABn+1532n2+632Log[e +

c+dx
a+bx\"

c+dx
a+bx

a+bx
6 B2n? Log| !
c+dx

12b2d? (a+bx)? (c+dx)?

}ZszLog[e

] [—6A+7Bn+6BnLog[

c+dx c+dx

n a+bx

a+bx ]—nLog[

2A?+5B%n?+4AB |Log[e

c+dx c+dx

a+bx 2

2B? (Log[e( n}—nLog[aerx

]

Log[c +dx]

c+dx c+dx
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Problem 209: Result more than twice size of optimal antiderivative.

J‘ (A+BLog[e (%)"])2

(ag+bgx)* (ci+dix)?

dx

Optimal (type 3, 908 leaves, 16 steps):

B2d°n? (a+bx)? 10AbBd*n (a+bx)
4 (bc-ad)®g*i? (c+dx)? i (bc-ad)®g*i® (c+dx) '
10bB2d*n? (a+bx) 20b3B2d2n? (c+dx) 5b*B2dn? (c+dx)?
(bc-ad)®g*i® (c+dx) ) (bc-ad)®g*i® (a+bx) +4(bc—ad)5g4i3 (a+bx)? )
2b582n? (c+dx)> 10bB2d*n (a+bx) Log[e(ﬁ)n]
27 (bc-ad)®g*i? (a+bx)3_ (bc-ad)®g*i® (c+dx)

Bd®n (a+bx)2 (A+BLog[e (%)n}) 20b3Bd%n <c+dX) (A+BLog[e (M)n])

c+d X

2 (bc-ad)®g*i® (c+dx)? (bc-ad)®g*i? (a+bx)

c+d x c+d X

5b4Bdn <c+dx>2 (A+BLog[e (%)n” ) 2b°Bn (c+dx)3 (A+BLog[e (M)n}) i

2(b<:—ad)6g4i3(a+bx)2 9(bc—ad)6g“i3(a+bx)3
d> (a+bx)? (A+BLog[e [22X)"] ) sba (a-bx] (A+BLog[e (22X]"])? )

2(bc—ad>6g4i3 <c+dx>2 (bc—ad)sg“i3 (c+dx)

10b%d? (c+dx) (A+BLog[e (M)n])z 5btd (c+dx)? (A+BLog[e (M)n])z )

c+d x c+d X
+

(bc-ad)®g*i® (a+bx) 2(bc-ad)®g*i® (a+bx)?

c+d x c+d X

b (c+dx)? (A+BLog[e (m)n])Z ) 10 b2 d3 (A+BLog[e (w)n”zs

3(bc-ad)®g*i® (a+bx)? 3B (bc-ad)®g*i’n

Result (type 3, 2138 leaves):
1

108 (bc-ad)®g*i3 (a+bx)’ (c+dx)?

a+bx,2

(360b282d3n2 (a+bx)? (c+dx)2Log[ﬂ]3+1SBnLog[
c+dx c+dx

(60a3Ab2c2d3+2b5Bc5n—15ab4Bc4dn+60a2b3Bc3d2n—30a4bBcd4n+

3a°Bd°n+180a2Ab3c?d3x+120a3Ab%cd*x-5b°Bc*dnx+60ab*Bc>d*nx+
180a2b>Bc?d®nx-120a>b?Bcd*nx-15a*bBd°nx +180aAb*c?d3x?+
360a2Ab3cd*x?+60a>Ab2d> x> +20b°Bc3d’nx?+270ab*Bc?2d>nx? -
90a>b?Bd°nx?>+60Ab°>c?d>x®>+360aAb*cd* x> +180a%2Ab3d>x>+110b°Bc?2d®>nx3+
180ab*Bcd*nx®*-90a?b3Bd° nx>+120Ab° cd*x*+180aAb*d°> x* +100b° Bcd*nx* +
a+bx)“

] -

60Ab° d° x° +20b°Bd°nx® +60b?Bd* (a+bx)’ (c+dx)?Log[e

c+dx
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60bZBd3n(a+bx)3(c+dx)2Log[a+ZX} +6b2d? (bc-ad) (a+bx)? (c+dx)?
c+dX
a+bx\"2 a+bx
108 A% + 282 ABn + 319 B> n” + 108 B Log [ e |"-6Bn (36A+47Bn) Log| +
c+dx c+dx
a+bx;2 a+bx)\" a+bx
108 B2 n? Log| |"+6BLogle }(36A+47Bn—363nLog[ }) -
c+dx c+dx c+dx
2 5 a+bx\" 2
3b*d (bc-ad)® (a+bx) (c+dx] 54A2+66ABn+37an2+54BZLog[e( y -
c+dX
6Bn (18A+118n) Log[ > 2] + 5487 n? Log| =22 ]
c+dx c+dx

6B Log|e arbx n] [18A+11Bn—1SBnLog[a+bX] )+4b2 (bc-ad)® (c+dx)?
c+dx c+dx
(9A2+6ABn+2BZn2+9BZLog[e arbx n]2—6Bn<3A+Bn) Log[a+bx]+
c+dx c+dx
a+bx,2 a+bx)\" a+bx
982 n® Log]| |” +6BLog[e }(3A+Bn—3BnLog[ 1]+
c+dx c+dx c+dx

18A% +12ABn +49B%n? +

60b2d* (a+bx)> (c+dx)2Log[a+bx]

1?1280 (3A+8n) Log[ 2 2%] L 1882 02 Log[ 22X
c+dx c+dx

a+bx
}(3A+Bn—3BnLog[ ]

c+dx
)n]2+2|3n (-2A+Bn) Log|

a+bx

+

18 B? Log|e

c+dx

a+bx)\"

+27d® (bc-ad)® (a+bx)?

12BLog|e

c+dx

a+bx a+bx

+

c+dx
a+bx]

(2A2—2A8n+BZnZ+ZBZLog[e
c+dx

a+bx a+bx

c+dx

+

n} (—2A+Bn+ZBnLog[

282n? Log|
c+dx

2
] —ZBLog[e(
c+dx

a+bx
8A?-18ABn+19B’n? + 8B Log|e

)

+

54bd®> (bc-ad) (a+bx)? (c+dx)
c+dx

a+bx,2

2Bn (-8A+9Bn) Log[a+bx] +8B%n? Log|
c+dx c+dx

a+bx
-8A+9Bn+8Bnlog| ]
c+dx

+bx

c+dx
a+bx

a+bx

+6B (bc-ad)nLog|

a+bx)n
c+dx

2Blog|e

c+dx
n a+bx

]—SBnLog[

+

8A-9Bn+8BLlogle
c+dx

n a+bx
]—3BnLog[

(18bd3 (a+bx)? (c+dx)

+

3A+Bn+3BLlogle

4b2(bcfad)2(c+dx)2 y
c+dx

n] —ZBnLog[aerX}

c+dx
a+bx

-3b%d

2A-Bn+2BLlogle

9d® (bc-ad) (a+bx)3 y
c+dx
n a+bx}

| -nLog]
),

c+dx
a+bx

+

18A+11Bn+18B |Log[e

(bc-ad) (a+bx) (c+dx>2
c+dx c+dx

a+bx)" a+bx
| -nLog|

36 A+47Bn+36B |Log|e

c+dx
n.2
]

6 b2 d? <a+bx)2 (c+dx)2
c+dx

a+bx

60b2d® (a+bx)> (c+dx)? |18A2+12ABn +49B2n” + 18 B2 Log|e
c+dx

a+bx,2

+

12Bn (3A+Bn) Log[iJr:i] +188%n° Log|
+ +
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a+bx)\n

a+bx
12BLog[e ] (3A+Bn—BBnLog[ ]

c+dx

Log[c+dx])
c+dx

Problem 210: Unable to integrate problem.

n_\p

dx

a+bx

J(angng)m (ci+dix)’2’m (A+BLog[e

c+dx

Optimal (type 4, 189leaves, 3 steps):

To(i(c+dx))"

A (1+m)

e en (a+bx) (g (a+bx))"

(a+bx
e

c+dx

c+d X a+bx

(1+m) (A+BLog[e (M)n]) ] [

Gamma[1+p, - A+BLog[e

Bn c+dx

n}]p
(1+m) (A+BLog{e (ﬂ

| ) s 1 o

Bn

Result (type 8, 51leaves):

p
dx

J(ag+ng)m (ci+dix)’2’m (A+BLog[e a+bx)“

c+dx

Problem 211: Unable to integrate problem.
]

a+bx\",\P

J(angng)’z"“ (ci+dix)" |A+BLog[e

c+dx

Optimal (type 4, 190 leaves, 3 steps):

A (1+m) n

o (aibx) (g (arbx)) 2 e [2E2X

e

c+dx

c+d X

Gamma[1+p, (1+m) (A+BLOg[e (m)"”} (

Bn

(1+m) (A+BLog[e (M
e

d) ])] ]/((bc_ad) i? (1+m) (c+dx))

Result (type 8, 51leaves):

J(ag+ng>-2—m (Ci+dix>m (A+BLog[e a+bx)n]]Pd1X

c+dx

Problem 215: Unable to integrate problem.
J(ag+ng)"‘ (ci+dix)>"

A+BlLog|e (m)”]

c+d X

dx
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Optimal (type 4, 125leaves, 3 steps):

1+m

A (1+m)
— n

e = (a+bx) (g (a+bx))m(e(a+bx

(i (c+dx))™"

c+dx

1+m) (A+BLog[e (M

c+dx) ])]]/(B(bcad> in (c+dx))

ExpIntegralEi|
Bn

Result (type 8, 51 leaves):

J(ag+ng)’" (ci+dix)>™

A+BLogle [22X)"]

c+d X

dx

Problem 216: Unable to integrate problem.
J(angng)’" (ci+dix) "

(A+BLog[e (m>n”z

c+d x

dx

Optimal (type 4, 206 leaves, 4 steps):

e (1+m) (a+bx) (g (a+bx))"‘(e a+bx)m
c+dx
1+m) (A+BlLog|e atbx | "
(1 (e dx)) * Expintegrales [ L) [e (23] H}]/
Bn

(a+bx) (g (a+bx))™ (i(c+dx))™

(B* (bc-ad) i*n? (“dX))_B(bc_ad) i%n (c+dx) (A+BLogle [#2%)"])

c+d X

Result (type 8, 51leaves):
J(angng)’" (ci+dix)’2’m

(A+BLog[e (m)n”z

c+d X

dx

Problem 217: Unable to integrate problem.
J(ag+ng)"‘ (ci+dix)’2’m

(A+BLog[e (M)n”3

c+d x

dx

Optimal (type 4, 295 leaves, 5steps):
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1+m
A (1+m) _
- n

e (1em)? (avbx) (g (asbx))" [e [0

e

o dx (i (c+dx))™"

(1+m) (A+BLog[e (m

c+dx) ”}]/(233 (bc—ad) i n3 (C+dx)) -

ExpIntegralki |
Bn

(a+bx) (g(a+bx))" (i (c+dx))™" i
=)

(1+m) (a+bx) (g(a+bx))" (i (c+dx))™

2B (bc-ad) i?n (c+dx) (A+BLog[e

2B? (bc-ad) i?n? (c+dXx) (A+BLog[e (m)“])

c+d x

Result (type 8, 51 leaves):
J(angng)’" (ci+dix)?™"

(A+BLog[e (M)n})s

c+d X

dx

Problem 221: Unable to integrate problem.
J(ag+ng)2m (ci+dix)”

A+BLogle [22X)"]

c+d x

dx

Optimal (type 4, 128 leaves, 3 steps):

"(i(crdx) )T

A (1+m) n

(1m a+bx
@ Bn

(a+bx) (g(a+bx)) " |e

c+dx

(1+m) (A+BLog[e (M

c+dx) ”}]/(B (bc-ad)i’n (c+dx))

ExpIntegralEi|-
Bn

Result (type 8, 51leaves):

J(angng)z'“ (ci+dix)"

A+BLog|e (w)n]

c+d X

dx

Problem 222: Unable to integrate problem.
J(ag+ng)2m (ci+dix)”

(A+BLog[e (22x)"])*

c+d X

dx

Optimal (type 4, 214 leaves, 4 steps):
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n

T(d (c+dx>)2+m

A (1+m)

e = (1+m) (a+bx) (g(a+bx)) " (e (a+bX

c+dx

(1+m) (A+BLog[e (w>n])

c+d x

Eprntegr‘alEi[— ]J/ (BZ (bc-ad) i2n2 (c+dx)) _

Bn

(a+bx) (g(a+bx)) 2™ (i (c+dx))>m

B(bc-ad)i%?n (c+dx) (A+BLog[e (M)n})

c+d X
Result (type 8, 51leaves):
J(ag+ng)2m (ci+dix)”

(A+BLog[e (M)"})Z

c+d x

dx

Problem 223: Unable to integrate problem.
J(angng)z'“ (civdix)"

(A+BLog[e (m>n”3

c+d X

dx

Optimal (type 4, 306 leaves, 5steps):

n

A (1+m) n

e (1em) (arbx) (g (asbx)) 20 [e 22X

e

c+dx

(i (c+dx))*™ExpIntegralEi[-

(1+m) (A+BLogle (ﬁ)n]) }J/

Bn

(28 (bc-ad) 120 (crdx]] - o 0X) (g (arox)) PRt ferdx)) T

2B (bc-ad) i?n (c+dx) (A+BLog[e (%)"])2

(1+m) (a+bx) (g (aerX))—zfm (i (C+dx))2*m

282 (bc-ad) i2n? (c+dx) (A+BLogle [22%)"])

c+d x

Result (type 8, 51 leaves):
J(angng)Z'" (ci+dix)"

(A+BLog[e (ﬂ)n”3

c+d X

dx

Problem 226: Unable to integrate problem.

J(angng)m (ci+dix)’2’m (A+BLogle (a+bx)" (c+dx)"])Pdx

Optimal (type 4, 193 leaves, 4 steps):
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A (1+m)

e o (asbx) (g (a+rbx))" (i(c+dx)) ™ (e (arbx)" (crdx) ")+

(1+m) (A+BlLogle (a+bx)" (c+dx)"])
Bn

Gamma[1+p, - | (A+BLogle (a+bx)" (c+dx)™"])P

(1+m) (A+BLogl[e (a+bx)" (c+dx)"]) )"

] ]py/((bc—ad)f(1+m)(c+dxﬂ

Bn

Result (type 8, 52 leaves):

j(angng)"' (ci+dix)’2’m (A+BLogle (a+bx)" (c+dx)"])Pdx

Problem 227: Unable to integrate problem.

JXag+ng>4m(ci+dixw<A+BLog@(a+bxw<c+dxyq>de

Optimal (type 4, 194 leaves, 4 steps):

A (1+m] 1+m

e on (a+bx) (g (a+bx))’2’m (1 (c+dx)>2*m (e (a+bx)" (c+dx)™")n

(1+m) (A+Blog[e (a+bx)" (c+dx)™"])
Bn
(1+m) (A+BLog[e (a+bx)" (c+dx)™"]))"

]py/((bc—ad)ﬂ(1+m)(c+dxﬂ

Gamma 1+ p, | (A+BLogle (a+bx)" (c+dx)™"])”

Bn

Result (type 8, 52 leaves):

J(angng)’z"“ (ci+dix)" (A+Blogle (a+bx)" (c+dx)"])Pdx

Problem 228: Result more than twice size of optimal antiderivative.

J(A+BLOg[e (a+bx)" (C+dx>’"]>3 .

(a+bx) (c+dx)

Optimal (type 3, 45leaves, 4 steps):
(A+BLogle (a+bx)" (c+dx)’””4

4B(bc—ad)n

Result (type 3, 118leaves):

;(4A3 Logle (a+bx)" (c+dx) "] +6A’Blog[e (a+bx)" (c+dx)’”]2+
4bcn-4adn

2a8% Logle (3+5x)" (c+ax] )"+ 8% Loge 2+ bx)" (¢ ax) "]
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Problem 240: Unable to integrate problem.

dx

J (a+bx)m<c+dx)’2’m

Logle (a+bx)" (c+dx) "]

Optimal (type 4, 88leaves, 4 steps):
b e e

(1+m) Logle (a+bx)" (c+dx)™"]

ExpIntegralEi|

]

n
Result (type 8, 42leaves):

J (a+bx)m(c+dx)’2’m

Logle (a+bx)" (c+dx)™"]

dx

Problem 249: Unable to integrate problem.

J(A+BLog[e (a+bx)" (c+dx>'"])4dlx

(f+gx) (ah+bhx)

Optimal (type 4, 361 leaves, 8steps):

(n-sLogle (a-bx)" (crax) ")) Logla- et

(bf-ag)h
5 (n-Bloge (2:x)" (c+4x) ")) polytog[2, Bramissn]
(bf-ag)h +(b'F—ag)h

(bf-ag) (c+dx)
(df-cg) (a+bx)

248 n* (A Blog[e (arbx]" (cdx] "]) PolyLog[a, LoTesicn]

1282n? (A+Blogle (a+bx)" (c+dx)'"])2PolyLog[3,

+

(bf-ag)h

4 4 bf-a c+d x
24 B*n* Polylog|5, i—M—L(ng> <a+bx>]

(bf-ag)h

Result (type 8, 45leaves):

J(A+BL0g[e (a+bx)" (“dX)in])Adlx

('F+gx> (ah+bhx)

Problem 250: Unable to integrate problem.

3

J(A+BLog[e (a+bx)" (c+dx)™]) ix

(f+gx) (ah+bhx)



Mathematica 11.3 Integration Test Results for 3.2.2 (f+g x)~m (h+i x)~q (A+B log(e ((a+b x) over (c+d x))”n))p.nb | 281

Optimal (type 4, 282 leaves, 7 steps):

(n-sLoge fa-bx)" (crdx) ")) Logl3- B ]

(bf-ag)h

381 (A-Blogle (arbx)" (c+dx) "] )7 Polylog 2, 2t ey

+

(bf-ag)h

68707 (318 Log e (a+bx)" (cdx] 7] Polylog[3, T2 et ]

+

(bf-ag)h

33 (bfag) (cedx)
6 B> n> PolyLog|4, s (MX)}

(bf-ag)h

Result (type 8, 45leaves):

J(A+BLog[e (a+bx)" (c+dx)™])

(f+gx) (ah+bhx)

3

dx

Problem 251: Result more than twice size of optimal antiderivative.

dx

J(A+BLog[e (a+bx)" (c+dx>‘"])2

(f+gx) (ah+bhx)

Optimal (type 4, 203 leaves, 6 steps):

(n-sLogle (a-bx)" (crax) ")) Logla- et

(bf-ag)h

280 (A+BLoge (3+bx)" [c+dx) "] | PolyLog[2, SEeeiiedn |

(bf-ag)h

2 12 (bf-ag) (cedx)
2B*n PolyLog[S, @) (a+bx)}

(bf-ag)h

Result (type 4, 14151leaves):
.
3(bf-ag)h

(3Log[a+bx] (A+B (-nLogla+bx] +nloglc+dx] +Log|e (a+bx)" (c+dx>’"}))2—

3(A+B (-nlog[a+bx] +nlog[c+dx] +Log[e (a+bx)" (c+dx)" ]))ZLog figx]+
3Bn (A+B (-nLogla+bx] +nLog[c+dx] +Logle (a+bx)" (c+dx)™"]))
b (f b
w]JrPOlyLOg[Z g(a+ X) ]]
bf-ag -bf+ag
d b d(f
(a+bx)  Log| ( +gx)} .
-bc+ad df-cg

Log[a+bx]?-2 |Log[a+bx] Log|

6ABN

Log[c +dx] (Log[
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b d d
PolyLog[Z, M] —PolyLog[Z, M +
bc-ad -df+cg
6B>n (nLogla+bx] -nlog[c+dx] -Log[e (a+bx)" (c+dx)™"])
d b d(f b d
Log[c +dx] Log[M —Log[w} +PolyLog[2, M -
-bc+ad df-cg bc-ad
d b (f
Polylog|2, M +B2n? |Log[a+bx]? Log[a+bx1—3Log[w -
-df+cg bf-ag
b b
6 Log[a +bx] PolyLog|2, M} + 6 Polylog|3, M +
-bf+ag -bf+ag
d b d(f
3B2n? Log[M] Log[c+dx]2—Log[c+dx]2Log[w +
-bc+ad df-cg
b (c+dx) g (c+dx)
2 Log[c+dx] PolyLog[Z, 7} -2Llog[c+dx] PolyLog[Z, —_—| -
bc-ad -df+cg
b d d
2 Polylog|3, M] +2Polylog|3, M
bc-ad -df+cg
1 b (c+dx)
GBZnZ[—Log[a+bx]2 Log[c+dx] - Log| ———]| - Log[a+bx] Log[c +dX]
2 bc-ad

b (f d d
Log[w}—lmg M] 2LOg[a+bX]+LOg[g<C+X)J
bf-ag 2 -df+cg -df+cg
b (f d(f d bf- d
(Log[ (f+gx) - Log] ( +gx)}J+Log g (c+dx) Log[< ag) (c+dx)
bf-ag df-cg ~df+cg (df-cg) (a+bx]
b (f d(f bf- d
[Log[ ( +gx> —Log[ ( +gx)})_l|_og[( ag) (C+ X) 2
bf-ag df-cg 2 (df-cg) (a+bx)
_ b (f -b d) (f
(Log[bc+ad +Log[7< +gx)}—Log (-bc-ad) (f-gx) -
d(a+bx) bf-ag (df-cg) (a+bx)
d b bf- d
Log[a + b x] PolyLog[Z, M} - |Log[c +dXx] —Log[< ag) (C+ X) }] PolyLog[
-bc+ad (df-cg) (a+bx)
b bf- d d
s M - |Log[a +bx] +Log[( 2g) e X)} Polylog|2, M -
-bf+ag (df-cg) (a+bx) -df+cg
bf- d b(c+d bf- d
og[( ag) (c+ X>] PolyLog[Z, (c+ X) } —PolyLog[Z, ( ag) (c+ X> +
(df-cg) (a+bx) d(a+bx) (df-cg) (a+bx)
d b b d
PolyLog|3, M] +PolyLog|3, g [a+bx) | +Polylog|3, M} +
-bc+ad -bf+ag -df+cg
b d bf- d
Polylog|3, g]—PolyLog[L ( ag) (e X>] ]
d(a+bx) (df-cg) (a+bx)

Problem 252: Result more than twice size of optimal antiderivative.
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dx

JA+BLog[e (a+bx)" (c+dx)™"]
(f+gx) (ah+bhx)

Optimal (type 4, 123 leaves, 5steps):

(A+BLlogle (a+bx)" (c+dx)™"]) Log[1 - (®fagledX]  gppolylog|2, (bf-aglledx |

(df-cg) (a+bx) (df-cg) (a+bx)

+

(bf-ag)h (bf-ag)h

Result (type 4, 304 leaves):

7; -2Alog[a+bx] +Bnlog[a+bx]?2-2Bnlog[a+bx] Log[c+dx] +
2(bf-ag)h
d(a+bx) )
2Bnlog[———| Log[c+dx] -2BLog[a+bx] Log|e (a+bx)" (c+dXx) "]+
-bc+ad
2ALog[f+gx] -2Bnlog[a+bx] Log[f+gx]+2Bnlog[c+dx] Log[f+gx]+
) b<-F+gx)
2Blogle (a+bx)" (c+dx) "] Log[f+gx] +2Bnlog[a+bx] Log[bfi}—
_ag
d(f b
2Bnlog[c+dx] Log[w]+2BnPolyLog[2, M +
df-cg -bf+ag
b d d
2BnPolylLog|2, M] -2BnPolylog|2, M
bc-ad -df+cg

Problem 255: Result more than twice size of optimal antiderivative.

F
dx
(a+bx) ((a-c)h+(b-d)hx)

Optimal (type 4, 33 leaves, 2steps):
Polylog[2, 1 - <4*]

a+b x

(bc-ad)h

Result (type 4, 324 leaves):

1 a 2 a C
- Log[—+x] 72Log[—+x} Log[a + b x] +2Log[—+x] Log[a+bx] -
(2bc-2ad)h b b d

C d(a+bx) a
2Log[*+x] Log[i] +2Log[7+x} Log[a-c+bx-dx] -

d -bc+ad b

c a b(a-c+bx-dx)
2Llog|— +x| Logla-c+bx-dx] -2Log|[~ +x]| Log| ]+

d b -bc+ad

c d(a-c+bx-dx) c+dx
2L0g[*+X] Log[ }—2Log[a+bx] Log[ +

d -bc+ad a+bx

] _

c+dx (b—d) (a+bx>
2logla-c+bx-dx] Log[a A | -2PolyLog|2, o
+bx -

b d b-d d
7<c+ X) | +2PolyLog|2, ( ) le XH
bc-ad bc-ad

2 Polylog|2,
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Problem 256: Result more than twice size of optimal antiderivative.

[

(a+bx> (c+dx>

dx

Optimal (type 4, 27 leaves, 2 steps):

Polylog|2, &ﬂﬁglL]

a+b x

bc-ad

Result (type 4, 375leaves):

a 2 a
————— |-Log|[—+x]| +2Log|[~ +x] Log[a+bx] -
2bc-2ad b b

_ b-d b
ZUg[a Cg+x]mgM+bx]+2uE[a Cg+x]mg[< g) [ar x)],
b-dg b-dg (bc-ad)g
a -cg a b(c+dx)
2Log[— +x] Log[c+dx] +2Log]| +x]| Log[c+dx] +2Log|— +x]| Log[ ——"] -
b b-dg b bc-ad
_ b-d d - _
2Log[a <& +X]Log[< g)(c+— X>] +2Log[a#—bx]Log[a cgrbx dg)(]—
b-dg bc-ad a+bx
- - d b
2Log[c+dx] Log[a cgrbx dgx}+2PolyLog[2, M]Jf
a+bx -bc+ad

b(a-cg+bx-dgx) d(-a+cg-bx+dgx)

2 PolyLog[2, - | -2PolyLog|2, -

(bc-ad)g -bc+ad

]

Problem 257: Result more than twice size of optimal antiderivative.

g (c+dx)
JLOg[l ac+bxX ]

(a+bx) (c+dx)

dx

Optimal (type 4, 27 leaves, 3 steps):
PolyLog|2, &ﬂﬁgll]

a+b x

bc-ad

Result (type 4, 375leaves):
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a 2 a
————— |-Log|[—+x]| +2Log|[~+x] Log[a+bx] -
2bc-2ad b b

_ — b-d b
2Log[a Cg+x] Log[aerxJJrZLog[a Cg+x] Log[< g) [ar x>],
b-dg b-dg (bc-ad) g
a -cg a b(c+dx)
2Log[— +x] Log[c+dx] +2Log]| +x] Log[c+dx] +2Log|— +x]| Log[ ——"] -
b b-dg b bc-ad
- b-d d _ _
2Log[a cg+x] Log[( g) (e~ X>]+2Log[a+bx] Log[a cgrbx dgx]i
b-dg bc-ad a+bx
a-cg+bx-dgx d(a+bx)
2Llog[c+dx] Log[ } +2PolyLog[2, 7] +
a+bx -bc+ad

b(a-cg+bx-dgx) d(-a+cg-bx+dgx)

2 Polylog[2, -

| -2PolyLog|2, -
(bc-ad)g -bc+ad

]

Problem 258: Result more than twice size of optimal antiderivative.

J\ Log [ a-c g;i)bx;d g X }

(a+bx) (c+dx)

dx

Optimal (type 4, 27 leaves, 3 steps):
PolyLog[Z, EM]

a+b x

bc-ad

Result (type 4, 375leaves):
1 a 2 a

— fLog[7+x] +2Log[7+x} Log[a+bx] -

2bc-2ad b b

(b-dg) (a+bx)

2Log[a_Cg+x] Log[a + b x] +2Log{a_Cg+x] Log |

]_

b-dg b-dg (bc-ad)g

a a-cg a b (c+dx)
2Log[7+x] Log[c +dx] +2Log[ +x} Log[c +d x] +2L0g[7+x} Log[i -

b b-dg b bc-ad

_ b-d d _ _
2Log[a Cg+x] Log[( g) (e~ X>]+2Log[a+bx] Log[a cgrbx dgx]_
b-dg bc-ad a+bx
a-cg+bx-dgx d(a+bx)
2Loglc+dx] Log| | +2PolyLog[2, ———| +

a+bx -bc+ad

b(a-cg+bx-dgx) d(-a+cg-bx+dgx)

2 PolyLog[Z, - } - 2Polylog [2, -

(bc-ad) g -bc+ad

]

Problem 259: Unable to integrate problem.

J<A+BLog[e (a+bx)" (c+dx)"])? ,

afh+bghx?+h (bfx+agx)

Optimal (type 4, 282 leaves, 8 steps):
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(A+BLog[e (a+bx)n (c+dx) ] 3|_og[1,1bf_—ag)_(ML]

(df-cg) (a+bx)

+

)
(bf-ag)h

380 (A8 Loge (3+bx)" [c+dx) 7] | Polytog[2, SEetiedn |

+

(bf-ag)h

68 (18 Log[e [s-bx]" (c-x) "] palytog[3, LEeE <95

+

(bf-ag)h

343 bf-ag) (c+dx)
6 B> n® PolyLog|4, e (a+bx)}

(bf-ag)h

Result (type 8, 53 leaves):

J(A+BLog[e (a+bx)" (c+dx)™"])

afh+bghx?+h (bfx+agx)

3

dx

Problem 260: Result more than twice size of optimal antiderivative.

dx

J(A+BLog[e (a+bx)" (c+dx>’”])2

afh+bghx?+h (bfx+agx)

Optimal (type 4, 203 leaves, 7 steps):

- (bf-ag) (cxdx)
(n-sLoge (a-bx)" (crdx) ")) Logl3- LR ]

(bf-ag)h

281 (A+BLog[e (a+bx)" (cdx) "]] PolyLog[2, 2F2E e

+

(bf-ag)h

2 102 (bf-ag) (c+dx)
282 n2 Polylog|3, pra (aum}

(bf-ag)h

Result (type 4, 1415leaves):
1

3(bf-ag)h

3logla+bx] (A+B (-nLogla+bx] +nLog[c+dx] +Log|e (a+bx)" (c+dx>'””)2_

3(A+B(-nlogla+bx] +nlog[c+dx]+Log[e (a+bx)" (c+dx)" ]))ZLog frgx]+
3Bn (A+B (-nLogla+bx] +nLog[c+dx] +Logle (a+bx)" (c+dx)"]))
X

b (f b
Logla+bx]?-2 |Log[a+bx] Log[g—KAijiil} +Polylog|2, g(arbx] )]_
bf-ag -bf+ag
d b d(f
-bc+ad df-cg
b d d
PolyLog[Z, 44£Si44§l]A—PolyLog[2J ggkiiggfl, .
bc-ad -df+cg
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6B2n (nLogla+bx] -nlog[c+dx] -Log[e (a+bx)" (c+dx)™"])
d(a+bx d(f+gx

Log[i( >]—Log{7< >}
-bc+ad df-cg

g (c+dx)

b <C+dx>
+Polylog[2, ——] -
bc-ad

b (f+gx)
bf-ag

Log[c +dXx]

PolyLog|2, +B2n? |Log[a+bx]? |Log[a+bx] -3 Log|

-df+cg

6 Log[a +bx] Polylog|2, | +6PolyLog|3, +

-bf+ag -bf+ag

d b d(f
M] Log[c+dx]2—Log[c+dx]2Log[w
-bc+ad df-cg

b (C+dx)
————] -2Log[c+dx] Polylog|2,
bc-ad -df+cg

b d d
—(C+ ) | +2PolyLog|3, gle+ex (c+dx) J _
bc-ad -df+cg
b(c+d@]
bc-ad

} +

g (c+dx)

3 B2 n? (Log[
2 Log[c+dx] Polylog|2, ] -

2 Polylog|3,

1 2
— Log[a+bx]
2

6 B2 n? Log[c+dx] - Log| - Log[a+bx] Log[c+dx]

b<{+gx)}—lLog g (c+dx)

bf-ag 2 -df+cg
b (f d(f
Jf+gx)]_u%[ jf+gﬂ
-ag -cg
b('F+gX> _Log[d<f+gx)
bf-ag df-cg

Log |

d
] [—2 Log[a + b x] +Log[M )

-df+cg
g (c+dx)

(bf-ag) (c+dx)
-df+cg J Log] (df-cg) (a+bx)

(Log[ —*Log[(bffag (c+dx) .2

)
2 (df-cg) (a+bx)
( [—bc+ad b (f+gXx) (

[Log[ ]

+ Log|

}

(-bc+ad) (f+gx)
Log + Log| | - Log
d(a+bx) bf-ag (df-cg) (a+bx)

d(a+bx) (bf-ag) (c+dx
-bc+ad (df-cg) (a+bx

]

Log[a + b x] PolylLog|2, - |Log[c+dx] - Log| PolyLog|

)
) ]

g (c+dx) )

(bf-ag) (c+dx)

g (a+bx) )
(df-cg) (a+bx)
)

)

- |Logla+bx] +Log| PolyLog|2,

)

-bf+ag
(bf-ag) (c+dx)
(df-cg) (a+bx)
d(a+bx)

-df+cg
(bf-ag) (c+dx)
(df-cg) (a+bx)

d
]+PolyLog[3, ]+PolyLog[3, M +
-bc+ad -bf+ag -df+cg

b(c+dx)]fPolyLog[3, (bf-ag) (c+dx)] ]

d(a+bx) (df-cg) (a+bx)
Problem 261: Result more than twice size of optimal antiderivative.

(c+dx

Log | ]

PolyLog|2, | - PolylLog|2,

<a+bx

b
PolylLog [3, M

PolyLog|3,

JA+BLog[e (a+bx)" (c+dx)™"] ix

afh+bghx?+h (bfx+agx)

Optimal (type 4, 123 leaves, 6 steps):
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- - + - +
) (A+BLogle (a+bx)" (c+dx)™"]) Log[1- l—g)—(—L(Z:ig) (;‘;; ] ) BnPolylog|2, i—gU—L(Z;j@ (;‘;z) ]

(bf-ag)h (bf-ag)h

Result (type 4, 303 leaves):

1
-——————— |-2Alog[a+bx] +Bnlog[a+bx]? -2Bnlog[a+bx] Log[c+dx] +
(2bf-2ag)h
d <a+bx)
2Bnlog|[— ] Log[c+dx] -2Blog[a+bx] Logle (a+bx)" (c+dx) "]+
-bc+ad

2ALog[f+gx] -2Bnlog[a+bx] Log[f+gx]+2Bnlog[c+dx] Log[f+gx] +

b <f+gx>

2Blog[e (a+bx)" (c+dx) "] Log[f+gx] +2Bnlog[a+bx]Log[————"
bf-ag

d(f b
d[frex) +gX>]+2|3nPolyLog[2, glarbx) +
df-cg -bf+ag

b (c+dx)
7] —ZBnPolyLog[Z,
bc-ad -df+cg

2Bnlog(c+dx] Log|

d
ZBnPolyLog[Z, M
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Summary of Integration Test Results

263 integration problems

A - 125 optimal antiderivatives

B - 124 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 14 unable tointegrate problems

E - Ointegration timeouts



